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1 Introduction 



In present paper we will analyze homology and cohomology groups of the super 
Lie algebra of supersymmetries and of super Poincare Lie algebra. We came 
to this problem studying supersymmetric deformations of maximally supersym- 
metric gauge theories [13|: however, this problem arises also in different situa- 
tions, in particular, in supergravity 2,. In low dimensions it was studied in [5]. 
The cohomology of supersymmetry Lie algebra appeared also in the analysis 
of supersymmetric invariants in 4, (it was denoted there by the symbol '^). 
Some of results of present paper were derived by more elementary methods in 
our previous paper |14) . 

Let us recall the definition of Lie algebra cohomology. We start with super 
Lie algebra Q with generators ca and structure constants f^B- We introduce 
ghost variables C'^ with parity opposite to the parity of generators ca and 
consider the algebra E of polynomial functions of these variables. (In more 
invariant way we can say that E consists of polynomial functions on linear 
superspace HQ.) The algebra E is graded by the degree of polynomial. We 
define a derivation d on i? by the formula d — ^fAB^^^^'aU^- 

This operator is a differential (i.e. it changes the parity and obeys d? — 0.) 
We define the cohomology of Q using this differential: 

H*{(3) = Kerd/Imd. 

The definition of homology of Q is dual to the definition of cohomology: instead 
of E we consider its dual space E* that can be considered as the space of 
functions of dual ghost variables ca] the differential d on E* is defined as an 
operator adjoint to d. The homology H,{Q) is dual to the cohomology H'{Q). 
We will work with cohomology, but our results can be interpreted in the language 
of homology. 

Notice that we can multiply cohomology classes, i.e. H'{Q) is an algebra. 
The group Aut{Q) of automorphisms of Q acts on E and commutes with 
the differential, therefore it acts also on homology and cohomology. We will be 
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interested in this action. In other words we calculate cohomology as represen- 
tation of this group (as Aut{Q)-modvLle) or as a representation of its Lie algebra 
aut{{Q) (as an aut{Q)-vaoAn\e) . For every graded module E we can define its 
Euler characteristic x(-E) as a virtual module 'Y^{—l)^Ek (as an alternating 
sum of its graded components in the sense of K-theory). Euler characteristic of 
graded differential module coincides with Euler characteristic of its homology. 
This allows us to calculate the Euler characteristic of Lie algebra cohomology 
as virtual representation (virtual Aut{Q)-T[vo<hx\e) . Q If the cohomology does 
not vanish only in one degree the Euler characteristic gives a complete answer 
for cohomology. 

The super Lie algebra of supersymmetries has odd generators Cq and even 
generators Pm ; the only non-trivial commutation relation is 

The coefficients in this relation are expressed in terms of Dirac Gamma matrices 
(see e.g. [6j for mathematical introduction). The space E used in the definition 
of cohomology (cochain complex) consists here of polynomial functions of even 
ghost variables and odd ghost variables c™; the differential has the form 



d=ir"rt'3-^. (2) 



The space E is double-graded (one can consider the degree with respect to 
and the degree with respect to c™). In more invariant form we can say that^ 

E = QSym^S-® A"y 

where S stands for spinorial representation of orthogonal group, V denotes 
vector representation of this group and Gamma-matrices specify an intertwiner 
V Sym^S". The differential d maps Sym'^S" ® A"^ into Sym'^+^S" ® A"-iy. 



^Instead of virtual modules we can talk about virtual representations of Aut{Q') (elements of 

representation ring). If the group AutiCi") is compact the representation ring can be identified 

with the ring of characters). 

^We use the notation Sym'" for symmetric tensor power and the notation A" for exterior 

power 
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The description above can be applied to any dimension and to any signature 
of the metric used in the definition of orthogonal group, however, the choice 
of spinorial representation is different in different dimensions. [f| The group 
SO(n) can be considered as a (subgroup) of the group of automorphisms of 
supersymmetry Lie algebra and therefore it acts on its cohomology . The action 
of SO(n) is two-valued, hence it would be more precise to talk about action of 
its two-sheeted covering Spin(r7,) or about action of its Lie algebra so{n).) We 
will work with complex representations and complex Lie algebras; this does not 
change the cohomology 

We will consider also homology and cohomology of reduced Lie algebra of 
supersymmetries (or more precisely the Lie algebra of supersymmetries in di- 
mension n reduced to the dimension d). This algebra has the same odd gener- 
ators Cq, as the Lie algebra of supersymmetries in dimension n, but only d even 
generators Pi^...,Pd\ the commutation relations are the same as in unreduced 
algebra. In this case the cohomology is a representation of Spin((i) x Spin(n — d). 

The double grading on E induces double grading on cohomology. However, 
instead of the degrees m and n it is more convenient to use the degrees k = 
TO -|- 2n and n because the differential preserves k and therefore the problem of 
calculation of cohomology can be solved for every k separately. It important 
to notice that the differential commutes with multiplication by a polynomial 
depending on i", therefore the cohomology is a module over the polynomial 
ring C[t^, ...]. (Moreover, it is an algebra over this ring.) The cohomology 

is infinite-dimensional as a vector space, but it has a finite number of generators 
as a C[i^, ...]-module (this follows from the fact that the polynomial ring 

is noetherian) . One of the most important problems is the description of these 
generators. If cohomology classes of cocycles zi, zjv generate the cohomology 

•^Recall that orthogonal group SO(2n) has two irreducible two-valued complex representa- 
tions called semi-spin representations (left spinors and right spinors), the orthogonal group 
SO(2?i -I- 1) has one irreducible two-valued complex spin representation. One says that a 
real representation is spinorial if after extension of scalars to C it becomes a sum of spin or 
semi-spin representations. (We follow the terminology of [6].) 
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then every cohomology class can be represented by a cocycle of the form pizi + 
... +pnzn where pi, ...,pn belong to the polynomial ring C[t^, ...]. 

Notice that the cohomology of Lie algebra of supersymmetries can be inter- 



preted as homology of Koszul complex 



corresponding to functions /"(t) 



^r^l^f^t^ . This allows us to use the programs of [9] to calculate the dimen- 
sions of cohomology groups. However, we are interested in more complicated 
problem- in the description of decomposition of cohomology groups in direct 
sum of irreducible representations of the group of automorphisms Aut or its Lie 
algebra aut. 

The paper is organized as follows. We start with the description of coho- 
mology of Lie algebra of supersymmetries in dimension 10 (Sec 12]) and in di- 
mension 11 (Secl3|). In the next sections we describe cohomology of dimensional 
reductions of ten-dimensional algebra of supersymmetries (SecU]) and of eleven- 
dimensional supersymmetries (SecE]). Section [B] contains the results about Lie 
algebras of supersymmetries in dimensions < 9. Section [7] is devoted to the ex- 
planation of methods we are using. Section [8] is devoted to cohomology of super 
Poincare Lie algebra. In Appendix A we describe the decomposition of free res- 
olution in direct sum of representations of the automorphism group. Appendix 
B gives more detail about our calculations. 



2 D=10 

We will start with ten-dimensional case; in this case the spinorial representation 
should be considered as one of two irreducible 16-dimensional representations 
of Spin(lO) (the spinors are Majorana-Weyl spinors). 

We will describe now the cohomology of the Lie algebra of supersymmetries 
in ten-dimensional case as representations of the Lie algebraso(lO). As usual the 
representations are labeled by coordinates of their highest weight (see e.g. [TB] 
for details). The vector representation V has the highest weight [1, 0, 0, 0, 0], the 

*To define the homology of Koszul complex corresponding to functions f^(t), /"(t) one 
considers the differential d = g^— where ...,^n are odd variables. 
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[0,0,0,0,fc] 




JJk,l ^ 


[0,0,0, l,fc - 


3] 




[0, 0,1,0, fc - 


6] 


jjk,3 ^ 


[0, 1,0,0, fc - 


8] 


jjkA ^ 


[1, 0,0,0, fc - 


10] 


^k,5 ^ 


[0, 0,0,0, fc- 


12] 



irreducible spinor representations have highest weights [0, 0, 0, 0, 1],[0, 0, 0, 1, 0]; 
we assume that the highest weight of S" is [0, 0, 0, 0, 1]. The description of graded 
component of cohomology group with gradings k = m + 2n and n is given by 
the formulas for H'''^^ (for n > 6, iJ*^'" vanishes) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

The only special case is when k — 4, there is one additional term, a scalar, for 

iJ^'-i = [0,0,0,0,0]© [0,0,0,1,1] (9) 

The SO(10)-invariant part is in i/"'", H^^-^, and R-^-K 

The dimensions of these cohomology groups are encoded in series P„ (t) = 
J2k dim_ff'^'"r'^ (Poincare series) that can be calculated by means of [S]: 

r3 + St^ + 5r + 1 

- (1^7)11 ' ^ ^ 

Pi (t) = (16t3 + 35t^ -t^ + 55t^ - IGSr'^ + 330t^ - 462t^ + i62T^" 

-330t" + 165t12 - 55t13 + llr" - t'^)/{1 - r)", (11) 
P2(t) = (120t^ - 120r V 330t* - 462r^ + 462t^° - 330r" 



165t12 - 55t13 + llri4 - t^^)/{1 - r)", (12) 
45r8 + 65r9 + llri 

lOri" + 34t" + 16t1^ 
= ' (14) 



^3(r) = _A > (13) 



The cohomology regarded as C[<^, t", ...]-module is generated by the scalar 
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considered as an element of and by 



Here [a] denotes the cohomological class of cocycle a. 

The GAMMA package ^15J was used to verify the the expression above are 
cocycles . 



Now we consider the eleven-dimensional case; in this case the spinorial represen- 
tation should be considered as one irreducible 32-dimensional representations of 
Spin(ll) (Dirac spinors). As usual we work with complex representations and 
complex Lie algebras. . 

We will describe now the cohomology of the Lie algebra of supersymmetries 
in eleven-dimensional case as representations of the Lie algebra so(ll). As usual 
the representations are labeled by their highest weight. The vector representa- 
tion V has the highest weight [1, 0, 0, 0, 0], the irreducible spinor representations 
have highest weights [0, 0, 0, 0, 1]. The description of graded component of co- 
homology group with gradings k = m + 2n and n is given by the formulas for 
77*^'" (for n > 3, i/'^'" vanishes) 



3 D=ll 



H 



k,0 



(16) 



k,l 



[(fe-4)/2] 



® [l,i,0,0,fc-4-2i] 



(17) 



H' 



k,2 



[(k-6)/2] 



® [0,i,0,0,k-6-2i] 



(18) 



H' 



The SO(ll)-invariant part is in i/O-" and iJ^-^. 
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The dimensions of these cohomology groups are encoded in Poincare series: 



Po(r) = A{t) (19) 
r4(ll + 67r + 142r2 + U2t^ + &7t^ + llr^^ 

P2(r) = A(r)r6 (21) 



Pi(r) = ' — - ^ (20) 



where 

, 1 + 9t + 34r2 + 66t3 + 66t4 + 34r'5 + 9r6 + 
^(^) = (22) 

The cohomology regarded as C[i^, i", ...]-module is generated by the scalar 
considered as an element of and 



4 Dimensional reduction from L> = 10 

Let us consider dimensional reductions of ten-dimensional Lie algebra of super- 
symmetries. The reduction of susrij^g to r dimensions has 16 odd generators 
(supersymmetries) and r even generators (here < r < 10). Correspond- 
ing differential has the form [2] where F™^ are ten-dimensional Dirac matrices, 
Greek indices take 16 values as in unreduced case, but Roman indices take 
only d values. The differential commutes with (two- valued) action of the group 
SO(r) X SO(10 — r), therefore this group acts on cohomology. The cohomol- 
ogy can be regarded as a module over C[f^, t^^]. Again cohomology is double 
graded; we use notation H^'"^ for the component having degree m = k — 2n with 
respect to t and the degree n with respect to c. The symbol Pn{T) stands for 
the generating function Pn{T) — dimiJ*'''"r'^ (for Poincare series). We cal- 
culate the cohomology as a representation of Lie algebra so(r) x so(10 — r) and 
describe elements that generate it as a C[f^, i^®]— module. (We characterize 
the representation writing Dynkin labels of the first factor, then Dynkin labels 
of second factor.) 
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• r = 9, 



JJkfi ^ 


[0,0,0,fc],fc 7^ 2 




[0,0,l,fc-4] 


jjk,2 ^ 


[0,l,0,fc-6] 


jjk,3 ^ 


[l,0,0,fc-8] 


jjk,4 ^ 


[0,0,0,fc- 10] 



(23) 
(24) 
(25) 
(26) 
(27) 



when k = 2, 



ff^.o = [0, 0, 0, 0] © [0, 0, 0, 2] (28) 

Groups H'''"- with n > 5 vanish. The S0(9)-invariant part is in H^''^, 
and if2,o 

Generators 
Poincare series 

Po(r) = (r^^ - 11t12 _^55t" - 165ri° + 330r9 -462t« + 462r^ 

-330t^ + 165r^ - 55r'' + lOr^ - Qt^ - 5r - l)/(-l + r)"(29) 
Pi (r) = (84r^ - 156r^ + 330t^ - 462r^ + 462t^ - 330r^ 



+ 165r^° - 55r" + llr^^ - t^^)/{1 - r)", (30) 
36t6 + 36t^ 
(1^ 



P^ir) = _ui ^ (31) 



9r« + 29r^ + llr^°-r^^ 

- ' (32) 

n(T) - (F^Tp ^^^> 
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• r = 8,fc > 0, 



k-1 [k/2] 

® [0,0,k-i,i,k-2i] © \0,0,k - 2i,0,k] 

i=l i=0 
[k/2] 

e [0,0,0,k-2i,-k], 

i=0 

k-i 



i=0 
k-6 



[0, l,A;-4-i,i,fc-4-2i], 



e [l,0,k-6-i,i,k-6-2i], 

i=0 



k-8. 



i=0 



[0,0,k-8-i,i,k-8-2i] 



(34) 
(35) 
(36) 
(37) 



Groups i?*^'" with n > 4 vanish. The S0(8) x S0(2)-invariant part is in 
H°'°, and 



Generators: 



Poincare series 



• r = 7, 



^o(r) = 
Pi(r) = 
P2(r) = 



2r' - + 5r3 - 7r2 - 5t - 1 
(-1 + t)ii ' 
28t^ + 12r5 - + 2r^ 

8t^ + 24r^ + - 2r^ 
(l-r)ii 



[/s/2] [fe/2] 

e [0,i,fc - 2i,fc - 2i] ® [0,0,A;-2i,/;;] 

z— 1 i— 

[(fc-4)/2] 

® l,i,A;-4-2i,A;-4-2i 

i=0 
[(/s-6)/2] 

® [0,i,A;-6-2i,fc-6-2il 

j=0 



(38) 
(39) 
(40) 
(41) 

(42) 
(43) 
(44) 
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Groups H'''"' with n > 3 vanish. The S0(7) x S0(3)-invariant part is in 
ifO'O and if6,2_ 



Generators: 



Poincare series 



Po{r) = (TTTTyr^ ' ^^^^ 



= lui ' (46) 



= (T^Tyn (47) 



• r = 6, 



if'^'^ = e e [j,i,k-j-2i,j,k-j-2i] 

i=0 j=0 
fe-1 i-1 

e e [j,0,k-2i + j,i,k-i] (48) 

i=l j=max{0,2i — fc} 
u 1 [(fe-4)/2] fe-4-2i 

H>''^ = e e [i,i,fc-4-i-2i,i,fc-4-i-2i] (49) 

1=0 j=0 

Groups with n > 2 vanish. The S0(6) x S0(4)-invariant part is in 

ijO'O, and ff*'^ 



Generators: 



Poincare series 



[et^CmK^] e H^'^ (50) 



4T5+4r4-5r3-9r2-5r-l 
^o(r) = . (51) 



+ or' + 5r'' + r"^ 



^i(^) = IT^Tyn (52) 



• r = 5, 



■ n [fe/2]i-l [fe/2][(fc-2i)/2] 

if'^'O = © © [7-,A:-2i,i,fc-2i] © © [i,fc-2i-2j,i,A;-2i-2j] (53) 

i=l j=0 i=0 j=0 
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Groups H^''^ with n > 1 vanish. The S0(5) x S0(5)-invariant part lies in 
where k is even. 



Poincare series 



r = 4, 



Po{r) = (54) 



, ^ [fc/2] k-2i 

33 (i + i) X [j,fc-2i-j,i,i,fc-2i-i] (55) 

where the coefficient [i + 1) is the multiphcity. Groups H^'"^ with n > 1 
vanish. The SO (4) x S0(6)-invariant part is in 

Poincare series 

= ^ZTp (56) 

r = 3, 

FM= [/c_2i,j,i- j,fc-2i] (57) 

i=0 j=0 

Groups with n > 1 vanish. The S0(3) x S0(7)-invariant part is in 

Poincare series 

Poir) = (58) 

r = 2, 

Q [2,0,fc-2i- j,j,fc-2i-2j] (59) 

i=0 j=0 

Groups iJ*'" with n > 1 vanish. The SO (2) x S0(8)-invariant part is in 
Poincare series 

Po{r) = (60) 

r = l, 

[fe/2] 

if'^.o = © [i,0,0,k-2i] (61) 

i=0 

Groups ij'^'" with n > 1 vanish. The S0(1) x S0(9)-invariant part is in 
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Poincare series 

(1-T 



Poir) = (62) 



For r < 5, the cohomology is generated by the scalar 1. 

5 Dimensional reduction from D = 11 

Let us consider dimensional reductions of eleven-dimensional Lie algebra of su- 
persymmetries. The reduction of susfj^i to r dimensions has 32 odd generators 
(supersymmetries) and r even generators (here < r < 11). Corresponding 
differential has the form ([2]) where F™^ are eleven-dimensional Dirac matrices, 
Greek indices take 32 values as in unreduced case, but Roman indices take only 
d values. The differential commutes with action of the group SO(r) x S0(11 — r), 
therefore this group acts on cohomology. The cohomology can be regarded as a 
module over C[t^, ...,t^'^]. Again cohomology is double graded; we use notation 
jjk,n |-]-^g component having degree m — k ~ 2n with respect to t and the 
degree n with respect to c. The symbol Pn{T) stands for the generating function 
Pn{T) = dim_ff'^'"T'^ (for Poincare series). We calculate the cohomology as 
a representation of Lie algebra so(r) x so(ll — r) and describe elements that 
generate it as a C[i^, t'^^]— module. 

Let us start with calculation of Euler characteristic x{H^) of cohomology 
— H^''^ . By general theorem this is a virtual so(r) x so(ll — r)-module 

^(-l)"Sym'=-^"S'® A"y (63) 

n 

where S and V are considered as so(r) x so(ll — r)-modules. 
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Cohomology for r = 10 are given by the formula 

[fc/2] k-2t [^^^] 

= ® © © [0,i,0,j,fc-2i-7-2/] 

i=0 i=0 i=0,i7^2 
[fc/2] [-^^l k-2i-2j 

© © © [i, j,0,Z,fc - 2i - 2j - /] 

1=1 j=0 1=0 
[t^] fe-4-2i 

© © [0,i,0,j,k-4-2i-j], (64) 

= © © ''"© ^'[j, i - J, 0, - 4 - 2i - Z] (65) 

(66) 

Groups H'^'^ with rt > 2 vanish. The SO(10)-invariant part is in H°-^ and H^-^ . 
Generators 



Poincare series 



^oW - Iy^^+^'^W' (68) 
Pi(r) = t^A{t) (69) 



where A(r) is the Poincare series given by Eq. [22] 

For r < 9 the groups H'^'" with n > 1 vanish hence Euler characteristic (|63p 
gives a complete description of cohomology. 

Poincare series 

To find the so(r) x so(ll — r)- invariant part of H'^''^ it is sufficient to solve 
this problem for Euler characteristic. The conjectural answers (obtained by 
means of computations for k < 19) are listed below. 

r = l, 

[0,0,0,0,0] e iJ^'^'O (71) 

r-2, 

([/fc/2] + 1) X [0,0,0,0,0] eiJ^/^^o (72) 
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r = 4, 



r = 5, 



r = 6, 



r = 9, 



(fc + 1) X [0,0,0,0,0] e (73) 



(fc + lKfc + 2) ^ ^ ^4,^0 ^^^^ 



([fc/21 + l)([fc/2l + 2)([fc/2l + 3) , , 2kn 

^^-^ ^^^^-^ '-^^^-^ ^ X [0,0,0,0,0] e ir^'''° (75) 

([fc/2] + l)([fc/2] + 2) 



X 



[0,0,0,0,0] e (76) 



(fc + 1) X [0,0,0,0,0] Gi7^'''° (77) 
(2fc + l) X [0,0,0,0,0] e ^2^='° (78) 

2 X [0,0,0,0,0] e (79) 
[0,0,0,0,0] e i/^'^+^'O (80) 

where i x [a, b, c, d, e] denotes the representation [a, 6, c, d, e] with multiphcity i 
and [a] stands for the integer part of a. 



6 Other dimensions 

In this section we consider in detail cohomofogy of Lie algebra of supersym- 
metries in dimensions < 10. Let us begin with some general discussion of 
supersymmetries in various dimensions (see [6] and [12j for more detail). 

We will work with complex Lie algebras. Let us start with the description 
of the symmetric intertwiners F : S** 5* — > used in the construction of su- 
persymmetry Lie algebra in various dimensions (notice that in the construction 
of differential we use dual intertwiners). Recall that in even dimensions we have 
two irreducible spinorial representations S/ and s,-, in odd dimensions we have 
one irreducible spinorial representation s. 
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dim V = 8n 

In this case we have intertwiners ji : Si <Si Sr ^ V and 7^. : (S) — *• V. 

S = S* =Si+Sr, T=-fi+jr, dimS'=16". 
Automorphism Lie algebra aut = so(8n) x so (2). 
dim V = 8n+l 

In this case we have symmetric intertwiner 7 : 5 (g) 5 — >■ F. 

S = S*=5, r = 7, dim5 = 16". 

Automorphism Lie algebra aut = so{8n +1). 
dim y = 8n + 2 

In this case we have symmetric intertwiners 7; : S; ® S; — > y and 7^ 

There are two possible choices of S : 

S = Sr, S* =si,r = ji; S = si, S* =Sr,r = jr, dim S = 16". 
Automorphism Lie algebra aut = so(8n + 2). 
dimy = 8n + 3 

In this case we have symmetric intertwiner 7 : s (g) s ^ K 
S = S*=s, r = 7, dim5 = 2xl6". 
Automorphism Lie algebra aut = so(8n + 3). 
dimy = 8n + 4 

In this case we have intertwiners 7; : S; Sr F and 7^ : Sr S( ^ V. 

S = S* =si+Sr, r = 7i+7^, dim5 = 4xl6". 
Automorphism Lie algebra aut = 50 (8n + 4) x so (2). 
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• dim V = 8n + 5 

The intertwiner j : s^s is antisymmetric. 

S = S* = s(EiW,r = -f(E,io,dimS = 8x 16". 

Here and later W stand for two-dimensional linear space with a symplectic 
form Lv. Automorphism Lie algebra aut = so{8n + 5) x sl(2). 

• dim V = 8n + 6 

In this case we have antisymmetric intertwiners 7; : s; (g) s; — > F and 
7r : Sr <8' Sr — > V. There are two possible choices of S : 

5* = s; (g) VT, r = 7; (g> w; S* =Sr^W,r = jr®oj, dim 5 = 8 x 16". 

Automorphism Lie algebra aut = so{8n + 6) x sl{2). 

• dim V = 8n + 7 

The intertwiner 7 : s (g) s — > F is antisymmetric. 

5 = 5* = 5 (g) W, r = 7 O w, dim 5 = 16 X 16". 

Automorphism Lie algebra aut = so{8n + 7) x sl(2). 

One can consider also AT-extended supersymmetry Lie algebra. This means 
that we should start with reducible spinorial representation (direct sum of 
N copies of spinorial representation S). Taking TV copies of the intertwiner 
V — > Sym^S we obtain an intertwiner V — >■ Sym^S'Ar. We define the A''-extended 
supersymmetry Lie algebra by means of this intertwiner. The Lie algebra acting 
on its cohomology acquires an additional factor qI{N) . 

Notice that in the cases when there are two different possible choices of S 
(denoted by and S2) one can talk about (A''i, A^2)-extended supersymmetry 
taking as a starting point a direct sum of Ni copies of Si and N2 copies of 82- 

The description of cohomology of supersymmetry Lie algebras in dimensions 
9,8,7 follows immediately from the description of cohomology of ten-dimensional 
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supersymmetry Lie algebra reduced to these dimensions. (Notice S has dimen- 
sion 16 in all of these cases.) 

We will describe the cohomology of the Lie algebra of supersymmetries in 
six- dimensional case as representations of the Lie algebra so (6) x sf(2). The 
vector representation V of 50(6) has the highest weight [1,0,0], the irreducible 
spinor representations have highest weights [0,0,1], [0,1,0]; we consider for 
definiteness Si with highest weight [0, 0, 1]. As a representation so (6) x sl{2) the 
representation V has the weight [1,0,0,0] and the representation S = Si <SiW 
has the weight [0, 0, 1, 1]. The description of graded component of cohomology 
group with gradings k = m + 2n and n is given by the formulas 

= [0,0, k,k] (81) 

H'''^ = [0,l,fc-3,fc-2] (82) 

H'''^ = [l,0,A;-6,fc-4] (83) 

H''^^ = [0,0,A;-8,fc-6] (84) 

The only special case is when k = A, there is one additional term, a scalar, for 

/f^'i = [0,0,0,0]e[0,l,l,2] (85) 

For n > 4, i/*^'" vanishes. The cohomology considered as C[i^, t°' , ...]-module 
is generated by the scalar and 

Now we will describe the cohomology of the Lie algebra of supersymmetries 
in five-dimensional case as representations of the Lie algebra so (5) x s[(2). The 
vector representation V of so(5) has the highest weight [1,0], the irreducible 
spinorial representation has highest weight[0, 1]. As a representation so (5) xsl(2) 
the representation V has the weight [1, 0, 0] and the representation S = s^W 
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has the weight [0,1,1]. The description of graded component of cohomology 
group with gradings k = m + 2n and n is given by the following formulas (for 
n > 3, H''''" vanishes) 

= [0,k,k] (86) 
iJ*^'! = [l,fc-4,fc-2] (87) 
/f'=>2 = [0, /c - 6, /c - 4] (88) 

The only special case is when k = 2, there is one additional term, a scalar, for 

= [0^0,0] ffi [0,2,2] (89) 

The S0(5) X SL(2)-invariant part is in F"-", H^^^, and i/^a. 

The dimensions of the cohomology groups arc encoded in Poincare series: 

„ , , 1 + 3t + t2 - 5t3 + lOr* - lOr^ + Sr^ - 

Pair) = -^p , (90) 



15t^ - llr^ + S r'^ - 
"(1^ 



Mr) = ^-^^5 ' (91) 



The cohomology regarded as C[t^, f", ...]-module is generated by the scalar 
considered as an element of and 

In four-dimensional case the representation S should be considered as 4- 
dimensional Dirac spinor. 

We describe the cohomology of the Lie algebra of supersymmetries in four- 
dimensional case as representations of the Lie algebra so (4). As usual the rep- 
resentations are labeled by their highest weight. The vector representation V 
has the highest weight [1,1], the irreducible spinor representations have highest 
weights si = [0, 1], Sr = [1, 0]; we assume that S = Si + Sr = [0, 1] ® [1, 0]. The 



19 



description of graded component of cohomology group with gradings k = m + 2n 
and n is given by the following formulas (for n > 6, i/*^-" vanishes) 



H 



k,0 



H 



fc,i 



= [0, k] © [fc, 0] 

= [l,fc-3]® [fc-3,1] 



H"'^ = [0, fc - 6] © [fc - 6, 0] 



(93) 
(94) 
(95) 



The only special case is when fc = 4, there is one additional term, a scalar, for 

^ [0,0] ® 2 X [1,1] (96) 

The S0(4)-invariant part is in iJ"^o, iJ^^^ and iJ^^. 

The dimensions of these cohomology groups are encoded in Poincare series: 

1 + 2t - t2 



^o(r) 



Pi{r) 



P2{r) = 



(l-r)2 ' 
4r3 + T* - 2t5 + 



(1-r) 



2Tb 



1-T 



(97) 
(98) 
(99) 



The cohomology regarded as C[t^, t", ...]-module is generated by the scalar 
considered as an element of and 



Gil' 



6,2 



4,1 



where and are dual Weyl spinors, and a,/3 = 1,2, d,/3 = 1,2. 

The cohomology generators in D = 4 and D = 5 were found by F. Brandt [5]. 
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7 Calculations 

We start with calculation of Poincare series applying [9,. However, the straight- 
forward calculation is pretty lengthy with the computers we are using. Therefore 
for 13 = 10 and D = 11 we consider dimensional reduction to dimension r and 
we are using induction with respect to r. 

Recall that the differential of D-dimensional theory reduced to dimension r 
has the form 

dr= i: A-^. (100) 

l<m<r 

where A™ = |r™^t"i'' and acts in the space Er of polynomial functions of even 
ghosts and r odd ghosts c^,...,c^. We denote corresponding cohomology 
by Hr- Both Er and Hr are bigraded by the degree of even ghosts m and 
degree of odd ghosts n, but it is simpler to work with grading with respect to 
k = m + 2n and n. An element of Er can be represented in the form x + yd~ 
where x,y E Er-i- Notice that 

dr{x + yd') = dr-ix + A^y + dr-iyc^ . 

The multiplication by Am commutes with the differential, hence it induces 
a homomorphism a : Hr-i — > Hr-i- Sending x G Er-i into x + Oc™ G Er 
(embedding Er-i into Er) we obtain a homomorphism Hr-i — s> Hr- Sending 
X + yc™ into y we get a homomorphism Hr — > -ffr-i- It is easy to see that 
combining these homomorphisms we obtain exact sequence 

Hr — \ — y Hr — \ — ^ Hr — ^ Hr — \ — ^ Hr — \ 

or, taking into account the gradings, 

^ ^ i/^^+i''" ^ ^ iJ^iT^ ^ h';+1-'''-^ ^ . (101) 

(This is the exact sequence of a pair (2?^., i^r-i); we use the fact that Er'^ / E^'^\ = 
E^Zi'^~^ ■) It follows immediately from this exact sequence that iJ^l" = for 
n > rir^i implies i?^'" = for n > rir + 1. (In other words if rir is the maximal 
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degree of cohomology in r-dimensional reduction then n^+i < + 1-) Apply- 
ing the exact sequence (jlOip to the case n — rir and assuming that rir^i < rir 
we obtain an isomorphism between and a subgroup of (this 

isomorphism can be considered as an isomorphism of so(r — l)-representations). 
In the cases we are interested in dimensional reductions of = 10 and D = 11 
the dimensions of iJ^+2,"r g^j^j H^^{^^ coincide (Poincare series are related by 
the formula _P„^ = t^P„^_j). It follows that H^^^'"^ is isomorphic to H^^{^'^ . 
If homomorphism a is injective we obtain a short exact sequence 

Calculations with |3] show that ni = ... = 71,5 = for _D = 10 and ni = ... = 
ng = for D ~ 11. (It is sufficient to check that in corresponding dimensions 
the homomorphism a is injective.) 

To analyze r-dimensional reduction for r > 5, D = 10 we notice that dr can 
be considered as a sum of differentials d' and d" where 

d 



d'= J2 



9c" 

l<m<5 



d"= v4™ ^ 



9c™' 

5 < m < r 

(For r > 9,D = 11 one should replace 5 by 9.) These differentials anticom- 
mute; this allows us to use the spectral sequence of bicomplex to calculate the 
cohomology of dr. The spectral sequence of bicomplex starts with cohomol- 
ogy H{d" , H{d')). Taking into account that the cohomology H{d') = H{d5) is 
concentrated in degree (as the cohomology H5) we obtain that the spectral 
sequence terminates. This means that one can calculate the Poincare series 
of dr as the Poincare series of H{d" , H{d')) using [S]. Again applying [9] we 
can obtain the information about generators of cohomology; this information is 
sufficient to express the generators in terms of Gamma-matrices. 

To calculate the cohomology as a representation of the group of automor- 
phisms we decompose each graded component E''^-" — Sym'^^^"5 (g) A"V of E 
into direct sum of irreducible representations. 
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For example, for D = 10 spacetime, we have the cochain complex 
A Sym^-5 A Sym*'-^^ ®V ^ Sym'-^S ® A^V 

(102) 

^ Sym'^-i^S ® a'V A Sym'^""^ ® A V A Sym^-^''^ ® A«y 
<^ Sym'^-^'S ® aV <^ Sym'=-20^ ^ 4^ 

where for Sym'^iS $5 A"^, a grading degree defined by fc = m + 2n is invari- 
ant upon cohomological differential d. All components of this complex can be 
regarded as representations of so(lO). We have 

5'= [0,0,0,0,1] (chooscn) or [0,0,0,1,0], V ^ [1,0,0,0,0] 

a'^V ^ [0, 1, 0, 0, 0], A^V = [0, 0, 1, 0, 0], 

A^V = [0,0,0,1,1], aV= [0,0,0,0,2]® [0,0,0,2,0], 

A^y^A^y, A^^A^y, a^v = a'^v, a^v^v, a^V = [0,0,0,0,0], 

(103) 

Sym'^S'^ © [i,0,0,0,fc- 2i] (104) 

1=0 

(see [13] for the decomposition of Sym^S*® A"^ and for complete description of 
action of differential on irreducible components for supersymmetry Lie algebra 
in lOD and 6D.) 

By the Schur's lemma an intertwiner between irreducible representations 
(a homomorphism of simple modules) is either zero or an isomorphism. This 
means that an intertwiner between non-equivalent irreducible representations 
always vanishes. This observation permits us to calculate the contribution of 
every irreducible representation to the cohomology separately. 

Let us fix an irreducible representation A and the number k. We will denote 
by ly'ri (or by if it is necessary to show the dependence of k) the multiplicity of 
A in E''''' = Sym''"2"S' ® A"y. The multiplicity of A in the image of d : E''''' ^ 
j7]k.n-i be denoted by k„, then the multiplicity of A in the kernel of this 
map is equal to f„ — k„ and the multiplicity of A in the cohomology iJ*^-" is 
equal to hn = Vn — — i^n+i- It follows immediately that the multiplicity of 
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A in virtual representation X]ti(~1)"^'^'" (i^^ ^he Euler characteristic) is equal 
to 1)''V„. It does not depend on k„, however, to calculate the cohomology 
completely we should know k„. 

Let us consider as an example A = [0,0,0,0,0], the scalar representation, 
for dimension D = 10 and arbitrary k. For all fc ^ 4, 12, we have Vi = . 
(For small k this can be obtained by means of LiE program 8 .) For k = 4, 
we have all Ui vanish except vi = \, hence all vanish. The multiplicity of 
[0,0,0,0,0] in i/"*'^ is equal to 1, and other cohomology H'^^'' do not contain 
scalar representation. For k = 12, all i^i vanish except 1^5 — 1, hence H^^'^ 
contains [0,0,0,0,0] with multiplicity 1, and H^^'^ do not contain [0,0,0,0,0] 
for i ^ 5. This agrees with Eq. [Sland Eq. [51 respectively. 

In many cases a heuristic calculation of cohomology can be based on a prin- 
ciple that kernel should be as small as possible; in other words, the image should 
be as large as possible (this is an analog of the general rule of the physics of 
elementary particles: Everything happens unless it is forbidden). In [7] this is 
called the principle of maximal propagation. @ Let us illustrate this principle in 
the case when k = 9 and A = [0, 1, 0, 0, 1] in lOD. In this case 1^4 = 1, 1^3 = 3, 
V2 ^ I. If we believe in the maximal propagation, then K3 = 1, K4 = 1, thus we 
have 1/3 — K3 — K4 — 1, and [0, 1, 0, 0, 1] contributes only to H^'^. 

Notice, that the principle of maximal propagation sometimes does not give a 
definite answer. For example, in the case when k = 8 in the dimension reduced 
to 7 from lOD. Considering only the multiplicities oi A — [0, 0, 2, 2], we have se- 
quence 0— >0— >2— ^5— ^3— >1. This sequence offers two distinct possibilities 
even under the assumption of maximal propagation: the non-trivial h„ can be 
ha = I only or ft,2 = 1 only. (We can prove that the second position is the cor- 
rect choice.) In cases we are interested in one can prove using the information 
about Poincare series and generators that the principle of maximal propagation 
is working [^l; moreover this information permits us to resolve ambiguities in the 

^ Notice that the principle of maximal propagation should be applied to the decomposition 

of cohomology into irreducible representations of the full automorphism group. 

^We can express Kn in terms of hn and Un- Obvious inequality < Kn < i^n—l means that 
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application of this principle. (Sometimes it is useful to apply the remark that 
multiplying a coboundary by a polynomial we again obtain a coboundary.) 

The only exception is the case of ten-dimensional reduction of eleven-dimensional 
supersymmetry Lie algebra. In this case we use the isomorphism between H^^ 
and h'^^^'^ that was derived from Eq. IIOII This is an isomorphism of so(lO)- 
modules; it allows us to find the decomposition of h'^q^ from decomposition of 
Hii^'^ in irreducible representations of so(ll). From the other side we can find 
the virtual so(10)-character of H^^ — H^^ (Euler characteristic); this allows us 
to finish the calculation. 

Let Mn — ^ ... — A/q — > ilf — !■ denote the minimal free resolution of 
the module M — i/*^^". Then every free module Mi can be considered as a 
representation of the group of automorphisms Aut (as ^ui- module); it can be 
represented as a tensor product of Au<-module /^^ (module of generators ) and 
^ui- module ^ Sym^S* (polynomial algebra). It is easy to find the dimensions 
of Aut- modules /i^ (the number of generators of Mi) using [9 . The module M 
is graded, therefore we can talk about the grading of generators (about grading 
of the module /Xi with respect to the grading in M). This grading also can be 
found using [9]. 

The information about free resolution can be used to find the structure of 
Aut -module on /i^ and therefore on M . However, we went in opposite direction: 
we used the information about the structure of Aut -module on M to find the 
structure of Aut -module on fii using the formula 

5](-l)V. = H'^^r'^) ® iY^i-rYA^S). (105) 

i k 

for given vi^ the point {h\, ...yhk, ■■■) belongs to a convex polyhedron. Principle of maximal 
propagation in our understanding means that this point belongs to the boundary of this 
polyhedron. 

^This formula follows from well known if-theory relation 

(^r™Sym'"5)(^(-r)^A^5) = l. 

Taking into account that parity reversal transforms symmetric power into exterior power we 
can understand this relation in the framework of super algebra. 
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The analysis of the resolution of the cohomology module is relegated to the 
appendix |^ 



8 Homology of super Poincare Lie algebra 

The super Poincare Lie algebra can be defined as super Lie algebra spanned by 
supersymmetry Lie algebra and Lie algebra aut of its group of automorphisms 



To calculate the homology and cohomology of super Poincare Lie algebra we 
will use the following statement proved by Hochschild and Serre [TT] .(It follows 
from Hochschild-Serre spectral sequence constructed in the same paper.) 

Let V denote a Lie algebra represented as a vector space as a direct sum 
of two subspaces C and Q. We assume that Q is an ideal in V and that C is 
semisimple. It follows from the assumption that Q is an ideal that C acts on Q 
and therefore on cohomology of Q; the £- invariant part of cohomology H'{Q)) 
will be denoted by H'{Q))^ . One can prove that 



This statement remains correct if P is a super Lie algebra. We will apply 
it to the case when V is super Poincare Lie algebra, Q is the Lie algebra of 
supersymmetries and C is the Lie algebra of automorphisms or its semisimple 
subalgebra. (We are working with complex Lie algebras, but we can work with 
their real forms. The results do not change .) 

Notice that it is easy to calculate the cohomology of semisimple Lie algebra 
£; they are described by antisymmetric tensors on C that are invariant with 
respect to adjoint representation. One can say also that they coincide with de 
Rham cohomology of corresponding compact Lie group. For ten-dimensional 
case L — soio and the compact Lie group is SO(10,M). Its cohomology is a 
Grassmann algebra with generators of dimension 3,7,11,13 and 9. In general 

^Instead of Lie algebra of automorphisms one can take its subalgebra. For example, we 
can take as a subalgebra the orthogonal Lie algebra 




p+q=n 
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the cohomology of the group S0(2r, R) is a Grassmann algebra with generators 
Ci having dimension 4« — 1 for i < r and the dimension 2r — 1 for i ^ r. The 
cohomology of the group S0(2r+1, M) is a Grassmann algebra with generators 
having dimension 4i — 1 for i < r . The cohomology of Lie algebra sl{n) coincide 
with the cohomology of compact Lie group SU(n); they form a Grassmann 
algebra with generators of dimension 3, 5, 2n — 1. 

As we have seen only /I-invariant part of cohomology of Lie algebra of super- 
symmetries contributes to the cohomology of super Poincare algebra. For D = 
10 this means that the only contribution comes from (m,n) — (0,0), {m^n) = 
(2, 1) and (m, n) — (2, 5), for D = 11 the only contribution comes from (m, n) = 
(0, 0) and (m, n) — (2, 2), for Z) = 6 the only contribution comes from (m, n) = 
(0,0) and {m,n) = (2, 1). (Here m = fc — 2n denotes the grading with respect 
to even ghosts and n the grading with respect to odd ghosts c„i.) 

Cocycles representing cohomology classes of super Poincare algebra can be 
written in the form p ® h, where p is an invariant antisymmetric tensor with 



respect to adjoint representation of aut and /i is 1 or 

efc^cj:^^ for D = ll (106) 

t^tf'c^T^p, rt^c^CnCuCiCrV^f'-' for D - 10 (107) 

rtPc^Cr^CkCiV'^f' iov (108) 

t"i'3c^c„Cfcr^'^'= ioT D = S (109) 

et^c^CnV^^ ioiD = 7 (110) 

et^C^T^p, et^CmCnCkVTp'' ^OT D^Q (111) 

rt'3c„c„r'^'^ ioiD = b (112) 

rt^CmK^.tH^CmV^^, t"i^c™c„r™^", t^^ c^CnT^j; for D = A. (113) 



Here Greek indices (i.e. spinor indices) take values 1, 2, • • • , dimS* and Roman 
indices (i.e. vector indices) take values 1,2,- •• and dimS* is defined in 
Sectionini The only exception is for £) = 4, the Greek indices a,/3 take values 
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1, 2, • • • , dim S, and the dotted Greek indices a, $ take values 1, 2, • • • , dim S. 
Notice that in these formulas Gamma matrices and summation range depend 
on the choice of dimension. 

The general definition of super Poincare algebra can be applied also to re- 
duced supersymmetry Lie algebra. For D = 10 and _D = 11 the role of super 
Poincare Lie algebra is played by the semidirect product of reduced supersym- 
metry Lie algebra and so(r) x so{D — r). The information about invariant ele- 
ments provided in Sections 2] and [5] permits us to describe cohomology of this 
generalization of super Poincare algebra. 

A Resolution of the cohomology modules 

One can find a minimal free resolution of the i?-module J^k H'^'^ = M. (Here 
R ^ C[t\ • • • , t", • ■ • ] = Em Sym^S.) The reader may wish to consuh [T] on 
this subject. The free resolution has the form 

> M,-^ ^ Afo ^ Af ^ 

where Mi = fii ^ R, and 

Ho - generators of M; 

Hi - relations between generators of Af ; 

/i2 - relations between relations ; 

We give the structure of fii as aut-modnie and its grading in the case of 
r-dimensional reduction of ten-dimensional Lie algebra of supersymmetries (in 
the case when D = r + (10 — ?')). Recall that aut denotes the Lie algebra of the 
group of automorphisms Aut. 

• D=10-F0, n=0 

HO = [0, 0, 0, 0, 0], dim(/io) = 1, deg(^o) = 0; 
Hi - [1, 0, 0, 0, 0], dim(Aii) - 10, deg(Aii) = 2; 



28 



^J^2 = [0,0,0, 1,0], dim(/X2) = 16, deg(/X2) = 3; 
/is = [0, 0, 0, 0, 1], dim(/i3) = 16, deg(/i3) = 5; 
jJLA = [1, 0, 0, 0, 0], dim(//4) = 10, deg(/X4) = 6; 
M5 = [0,0,0,0,0],dim(/i5) = l,deg(/X5) =8. 

• D=10+0, n=l 

/Uo = [0,0,0, 1,0], dim(/xo) = 16,deg(/Uo) = 3; 

A^i = Hi + Hi", 
Hi = [0,l,0,0,0],dim(/ii') =45,deg(/ii') = 4; 
Hi" = [0,0,0,0, l],dim(/ii") = 16,deg(/ii") = 5; 
H2 = 2x [0, 0, 1, 0, 0] + [1, 0, 0, 0, 0], dim(/t2) = 250, deg(At2) = 6; 
H3 = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/x3) = 720, degina) = 7; 

Hi = Hi + fJ-i", 

Hi = [0, 2, 0, 0, 0] + [l, 0, 0, 2, 0]+[2, 0, 0, 0, 0], dim(/t4') = 1874, deg(At4') = 8; 
Hi' = [0,0,0,0, l],dim(/i4") = 16,deg(M4") = 9; 
/«5 = fJ-b' + fJ-b", 

Hb' = [0, 0, 0, 0, l] + [0, 0, 0, 0, l]+[0, 0, 0, 3, 0] + [l, 1, 0, 1, 0], dim(/i5') = 4352, deg(M5') = 9; 
Hb" = [l,0,0,0,0],dim(M5") = 9,deg(/X5") = 10; 
H6 = [0, 1, 0, 2, 0] + [2, 0, 1, 0, 0], dim(/i6) = 8008, deg(At6) = 10; 
H7 = [1, 0, 1, 1, 0] + [3. 0, 0. 0, 1], dim(/i7) = 11440, deginr) = H; 
H8 = [0, 0, 2, 0, 0] + [2, 0, 0, 1, l]+[4, 0, 0, 0, 0], dim(/i8) = 12870, deg(M8) = 12; 
H9 = [1,0,1,0, 1] + [3,0,0, 1,0], dim(/i9) = 11440, deg(/i9) = 13; 
Hio = [0, 1, 0, 0, 2] + [2, 0, 1, 0, 0], dim(/iio) - 8008, deg(/xio) = 14; 
Hii = [0, 0,0,0, 3] + [l,l,0,0,l],dim(/iii) =4368, deg(Mii) = 15; 
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M12 = [0,2,0,0,0] + [1,0, 0,0,2], dim(/ii2) = 1820, deg(Mi2) = 16; 
/ii3 = [0, 1,0,0, l],dim(/ii3) = 560, deg(Mi3) = 17; 
/xi4 = [0,0,l,0,0],dim(iUi4) = 120,deg(/xi4) = 18; 
Mi5 = [0,0,0, 1,0], dim(/ii5) = 16,deg(Mi5) = 19; 
Mi6 = [0, 0, 0, 0, 0], dim(/ii6) = 1, deg(/ii6) = 20. 

• D=10+0, n=2 

fio = [0, 0, 1, 0, 0], dim(^o) = 120, dcg(Mo) = 6; 

Ml = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/xi) = 720, deg(Mi) = 
M2 =[0, 0, 0, 0, 0] + [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0] + [0, 2, 0, 0, 0] + [1, 0, 0, 2, 
+ [2, 0, 0, 0, 0], dim(/i2) = 2130, deg(M2) = 8; 

M3 = Ms' + Ms", 

Ms' = [0, 0, 0, 3, 0] + [l, 0, 0, 1, 0]+[l, 1, 0, 1, 0], dim(M3') = 4512, deg(M3') 
Ms" = [0,0,0,0,2] + [l,0,0,0,0],dim(/x3") = 136,deg(M3") = 10; 

M4 = m' + i-I'a" , 

= [0,1,0,2,0] + [2,0,l,0,0],diin(M4') = 8008, deg(M4') = 10; 
M4" = [0,0,0,l,0] + [l,0,0,0,l],dim(/i4") = 160,deg(M4") = 11; 

M5 = M5' + M5", 

Ms' = [1, 0, 1, 1, 0] + [3, 0, 0, 0, 1], dim(M5') = 11440, deg(M5') = 11; 
Ms" = [0,l,0,0,0],dim(M5") =45,deg(M5") = 12; 
Me = [0, 0, 2, 0, 0] + [2, 0, 0, 1, l] + [4, 0, 0, 0, 0], dim(M6) = 12870, deg(M6) 
M7 = [1, 0, 1, 0, 1] + [3, 0, 0, 1, 0], dim(M7) = 11440, deg(M7) = 13; 
M8 = [0, 1, 0, 0, 2] + [2, 0, 1, 0, 0], dim(M8) = 8008, deg(M8) = 14; 
M9 = [0, 0, 0, 0, 3] + [1, 1, 0, 0, 1], dim(M9) = 4368, dcg(M9) = 15; 
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Mio = [0,2,0,0,0] + [1,0, 0,0,2], dim(/iio) = 1820,deg(/iio) = 16; 
Mil = [0,l,0,0,l],dim(/iii) = 560,deg(/iii) = 17; 
/xi2 = [0, 0, 1, 0, 0], dim(/ii2) = 120, dcg(Mi2) = 18; 
/X13 = [0, 0, 0, 1, 0], dim(/zi3) = 16, deg(Mi3) = 19; 
/xi4 = [0,0,0,0,0],dim(/ii4) = l,deg(/ii4) = 20. 

• D=10+0, n=3 

/xo = [0,l,0,0,0],dim(/io) = 45,deg(Mo) = 8; 
m = [0,0,0,0,l] + [l,0,0,l,0],dim(/ii) = 160,deg(/ii) = 9; 

A«2 = IJ.2' + 1^2", 

1^2' = [0,0,0,2,0] + [1,0, 0,0,0], dim(M2') = 136, deg(/Z2') = 10; 
/i2" = [1,0,0,0, 1],dim(/X2") = 144,deg(/X2") = 11; 
/X3 = [0, 0, 0, 0, 0] + [0, 0, 0, 1, l]+[0, 1, 0, 0, 0]+[2, 0, 0, 0, 0], dim(/i3) = 310, deg(M3) = 12; 
At4 = [0, 0, 0, 0, 1] + [1, 0, 0, 1, 0], dim(M4) = 160, deg(At4) = 13; 
IJ.5 = [0,0,0, 1,0], diin(M5) = 16,deg(/U5) = 15; 
/X6 = [0,0,0,0,0],dim(/i6) = l,deg(M6) = 16. 

• D=10+0, n=4 

fio = [l,0,0,0,0],dim(/io) = 10,deg(/io) = 10; 

A*i = /Ui' + /Ui", 
Ml' = [0,0,0, 1,0], dim(Mi') = 16,deg(Mi') = 11; 
Ml" = [2,0,0,0,0],dim(Mi") = 54,deg(Mi") = 12; 
M2 = [0, 0, 0, 0, 1] + [1, 0, 0, 1, 0], dim(M2) = 160, deg(M2) = 13; 
M3 = [0,0,1,0,0] + [1,0, 0,0,0], dim(M3) = 130,deg(M3) = 14; 
M4 = [0, 0, 0, 0, 0] + [0, 1, 0, 0, 0], dini(M4) = 46, deg(M4) = 16; 
M5 = [0,0,0,0,l],diin(M5) = 16,deg(M5) = 17. 
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D=10+0, n=5 



D=9+l, n=0 



Mo = 


= [O,0,0,0,0],dini(^o) = 


= l,deg(/xo) = 


12; 


Ml = 


[l,0,0,0,0],dim(/xi) = 


10,deg(Mi) = 


: 14: 


M2 = 


[0,0,0, 1,0], dim(/i2) = 


16, deg(M2) = 


: 15: 


M3 = 


[0,0,0,0,l],dim(Ai3) = 


16, deg(y^3) = 


17: 


Hi = 


[l,0,0,0,0],dim(/i4) = 


10, deg(M4) = 


: 18: 


M5 = 


: [0,0,0,0,0],dim(/x5) = 


= l,deg(M5) = 


20. 


Mo 


= [0,0,0,0],dim(/xo) = 


l,deg(Mo) = 


0; 


Ml 


= [l,0,0,0],dim(/ii) = 


9,deg(/ii) = 


2; 



M2 = [0, 0, 1, 0] + [0, 1, 0, 0], dim(/x2) = 120, deg(M2) = 4; 
M3 = [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(/i3) = 576, deg(M3) = 5; 

M4 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 2, 0, 0] + [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 1, 0, 0] + 
+ [2, 0, 0, 0], dim(/X4) = 1830, deg(y^4) = 6; 

M5 = Ms' + Ms", 

M5' = [0, 0, 0, 3]+[0, 1, 0, 1]+[1, 0, 0, 1]+[1, 1, 0, l]+[2, 0, 0, 1], dim(/i5') = 4368, deg(M5') 

M5" = [0,0,0,0],dim(/z5") = l,deg(M5") = 8; 

Ate =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 
+ [2, 0, 1, 0] + [2, 1, 0, 0], dim(/X6) = 8008, deg(At6) = 8; 

M7 =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1] , dim(/i7) = 11440, deg(M7) = 9; 

Us =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3, 0, 0, 0] + [4, 0, 0, 0] , dim(/i8) = 12870, deg(M8) = 10; 

32 



=[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2,0,0,1] + [3,0,0, l],dim(/i9) = 11440, deg(M9) = 11; 

Mio =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 

+ [2, 0, 1, 0] + [2, 1,0, 0], dim(^io) = 8008, dcg(/iio) = 12; 
Mil = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1]+[1, 1, 0, l] + [2, 0, 0, 1], dim(/zii) = 4368, deg(/xii) 

Mi2 = [0,0,0,2]+[0,2,0,0] + [l,0,0,2]+[l,l,0,0] + [2,0,0,0],dim(/ii2) = 1820, deg(Mi2) 
/ii3 = [0, 1, 0, 1] + [1, 0, 0, 1], dim(Mi3) = 560, degi^s) = 15; 
Mi4 = [0, 0, 1, 0] + [0, 1, 0, 0], dim(/xi4) = 120, deg(Mi4) = 16; 
Mi5 = [0,0,0, l],dini(jui5) = 16,deg(/ii5) = 17; 
Mi6 = [0,0,0,0],dini(/ii6) = l,deg(;Ui6) = 18- 

• D=9+l, n=l 

MO = [0, 0, 1, 0], dim(/io) = 84, deg(Mo) = 4; 

Ml = [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(Mi) = 576, deg(Mi) = 5; 
M2 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 1, 0, 0] + [0, 2, 0, 0] + [1, 0, 0, 0] + 
+ [1, 0, 0, 2] + [1,1, 0, 0] + [2, 0, 0, 0], dim(M2) = 1950, deg(M2) = 6; 

M3 =[0, 0, 0, 1] + [0, 0, 0, 3] + [0, 1, 0, 1] + 2 X [1, 0, 0, 1] + [1, 1, 0, 1] + [2, 0, 0, 1], 
dim(M3) = 4512,deg(M3) = 7; 

M4 = M4' + M4", 

M4' =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 
+ [2, 0, 0, 0] + [2, 0, 1, 0] + [2, 1, 0, 0], dim(M4') = 8052, deg(M4') = 8; 
M4" = [0, 0, 0, 1], dini(M4") = 16, deg(M4") = 9; 

= Ms' + M5", 

Ms' =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1,0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1]+ 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(M5') = 11440, dcg(M5') = 9; 
Ms" = [l,0,0,0],dim(Ms") = 9,deg(Ms") = 10; 
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=[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3, 0, 0, 0] + [4, 0, 0, 0] , dim(At6) = 12870, deg(Ai6) = 10; 

=[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(/i7) = 11440, deg(/X7) = 11; 

Ms =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 

+ [2, 0, 1, 0] + [2, 1, 0, 0], dini(/Z8) = 8008, degl/ig) = 12; 
Atg = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 1, 0, l] + [2, 0, 0, 1], dim(M9) = 4368, dcg(M9) = 13; 

Uto = [0,0,0,2] + [0,2,0,0] + [l,0,0,2]+[l,l,0,0] + [2,0,0,0],dim(/iio) = 1820, deg(Mio) = 

Mil = +[0, 1, 0, 1] + [1, 0, 0, 1], dim(Mii) = 560, deg(Mii) = 15; 

Mi2 = [0, 0, 1, 0] + [0, 1, 0, 0], dini(Mi2) = 120, deg(Mi2) = 16; 

Mi3 = [0,0,0, l],dim(Mi3) = 16,deg(Mi3) = 17; 

Mi4 = [0,0,0,0],dim(Mi4) = l,deg(Mi4) = 18. 

D=9+l, n=2 

Mo = [0, 1, 0, 0], dim(Mo) = 36, deg(Mo) = 6; 

Ml = [0, 0, 0, 1] + [1, 0, 0, 1], diin(Mi) = 144, deg(Mi) = 7; 
M2 = [0, 0, 0, 0]+[0, 0, 0, 2]+[l, 0, 0, 0] + [2, 0, 0, 0], dim(M2) = 180, deg(M2) = 8; 
M3 = [0,0,0,0] + [0,0,0,2] + [l,0,0,0] + [2,0,0,0],dim(M3) = 180,deg(M3) = 10; 
M4 = [0,0,0,1] + [1,0, 0,1], diin(M4) = 144,deg(M4) = 11; 
M5 = [0, 1, 0, 0], dim(M5) = 36, deg(M5) = 12. 

D=9+l, 11=3 

Mo = [1, 0, 0, 0], dim(Mo) = 9, deg(Mo) = 8; 
Ml = Ml' + A<i", 
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Ml' = [0,0,0,l],dim(/ii') = 16,deg(/ii') = 9; 
III" = [2,0,0,0],dim(/zi") = 44,deg(Mi") = 10; 
^i2 = [0, 0, 0, 1] + [1, 0, 0, 1], dim(A<2) = 144, deg(/X2) = 11; 
/i3 = [0, 0, 0, 0]+[0, 0, 1, 0]+[0, 1, 0, 0] + [l, 0, 0, 0], dim(/i3) = 130, deg(/X3) = 12; 

At4 = A*4' + A*4", 

/X4' = [0, 0, 0, 1], dini(/i4') = 16, dcg(M4') = 13; 
Hi" = [0, l,0,0],dim(/i4") = 36,deg(M4") = 14; 
/i5 = [0, 0, 0, 1], dim(/x5) = 16, deg(/i5) = 15; 
HQ = [0, 0, 0, 0], dini(/X6) = 1, deg(/i6) = 16. 

D=9+l, n=4 

/xo = [0,0,0,0],dini(/xo) = l,deg(/^o) = 10; 
Ml = [0, 0, 0, 0] + [1, 0, 0, 0], dim(Mi) = 10, deg(Mi) = 12; 

H2 = [0, 0, 0, 1], dim(M2) = 16, deg(M2) = 13; 

Ma = [0,0,0,l],dim(M3) = 16,deg(M3) = 15; 
in = [0, 0, 0, 0] + [1, 0, 0, 0], dim(/x4) = 10, deg(M4) = 16; 

M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 18. 

D=8+2, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [l,0,0,0,0],dim(Mi) = 8,deg(Mi) =2; 

M2 = [0,l,0,0,0],dim(M2) = 56,deg(M2) =4; 

M3 = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dini(M3) = 128, deg(M3) 
M4 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 2, 0, -2] + [1, 0, 0, 0, 0]+ 
+ [2, 0, 0, 0, -2] + [2, 0, 0, 0, 2] , dim(M4) = 150, deg(M4) = 6; 
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Ms' = [1,0, 0, 1, 3] + [1, 0, 1, 0, -3], dim(/i5') = 112, degif,^') = 7; 
Ms" = [0,0,0,0,0],dim(Ai5") = l,deg(/i5") =8; 
/X6 = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dim{ne) = 56, deg(/i6) = 8; 
H7 = [0, 0, 0, 1, -5] + [0, 0, 1, 0, 5], dim(/x7) = 16, deg(/i7) = 9; 
^^s = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6], dim(/X8) = 2, degC/Zg) = 10. 

• D=8+2, n=l 

HO = [0, 1, 0, 0, 0], dim(Mo) = 28, deg(/xo) = 4; 

Ml = [0, 0, 0, 1, -l]+[0, 0, 1, 0, 1] + [1, 0, 0, 1, 1]+[1, 0, 1, 0, -1], dim(Mi) = 128, deg(Mi) = 5: 
M2 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 1, 1, 0] + [0, 0, 2, 0, -2] + 

+ 2 X [l,0,0,0,0] + [2,0,0,0,-2] + [2,0,0,0,2],dim(/x2) = 214,deg(M2) =6; 
A*3 = l^s' + Hi" , 

= [0, 0, 0, 1, l] + [0, 0, 1, 0, -1]+[1, 0, 0, 1, 3] + [l, 0, l, O, -3], dim(M3') = 128, degl^a') = 
Ms" = [0, 0, 0, 0, 0]+[0, 0, 0, 2, 0]+[0, 0, 2, 0, 0]+[2, 0, 0, 0, 0], dim(/i3") = 106, deg(/i3") = 8: 

M4 = M4' + M4", 

M4' = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dini(M4') = 56, deg(M4') = 8; 
M4" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dim(M4") = 128, deg(M4") 

Ms = Ms' + Ms", 

Ms' = [0, 0, 0, 1, -5] + [0, 0,1,0,5], dim(M5') = 16, degCMs') = 9; 

Ms" = [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2] + [l, 0, 0, 0, 0], dim(Ms") = 64, deg(Ms") = 10; 

A*6 = Me' + Me", 

Me' = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6] , dim(M6') = 2, deg(M6') = 10; 

Me" = [0, 0, 0, 1, -3] + [0, 0, 1, 0, 3], dim(M6") = 16, dcg(M6") - 11; 
M7 = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4], diin(M7) = 2, deg(M7) = 12. 
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• D=8+2, n=2 

Mo = [1, 0, 0, 0, 0], dini(/xo) = 8, deg(/^o) = 6; 
Ml = Ml' + Mi"5 

Ml' = [0, 0, 0, 1, 1] + [0, 0, 1, 0, -1], dim(/ii') = 16, deg(Mi') = 7; 

Ml" = [2,0,0,0,0],dim(Mi") =35,deg(Mi") = 8; 
M2 = M2' + M2", 
M2' = [0, 0, 0, 0, 0], dim(/i2') = 1, deg(M2') = 8; 
M2" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0,-1], dim(/i2") = 128, deg(M2") = 9; 

M3 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 1, 1, 0] + [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2]+ 
+ 2 X [1, 0, 0, 0, 0], dini(M3) = 130, dcgi/Js) = 10; 

M4 = M4' + M4", 

M4' = [0, 0, 0, 1, -3]+[0, 0, 0, 1, l]+[0, 0, 1, 0, -l]+[0, 0, 1, 0, 3], dim{/ii') = 32, deg(M4') = 11; 
M4" = [0, l,0,0,0],dim(/i4") = 28,deg(M4") = 12; 

M5 = Ms' +M5", 

/X5' = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4] , dim(M5') = 2, deg(M5') = 12; 
Ms" = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M5") = 16, deg(M5") = 13; 
M6 = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dim(M6) = 2, deg(M6) = 14. 

• D=8+2, n=3 

Mo = [0,0,0,0,0],dim(Mo) = l,deg(Mo) =8; 
Ml = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [l, 0, 0, 0, 0], diin(Mi) = 10, deg(Mi) = 10; 
M2 = [0, 0, 0, 1, 1] + [0, 0, 1, 0,-1], dim(M2) = 16, deg(M2) = 11; 
M3 = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M3) = 16, deg(M3) = 13; 

M4 = [0,0,0,0,-2] + [0,0,0,0,2] + [l,0,0,0,0],dim(M4) = 10,deg(M4) = 14; 
M5 = [0,0,0,0,0],dim(M5) = l,deg(M5) = 16. 
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• D=7+3, n=0 

Ho = [0, 0, 0, 0], dim(^o) = 1, deg(/xo) = 0; 
Hi = [l, 0, 0, 0], dim(/ii) = 7, deg(/xi) = 2; 
M2 = [0, 1, 0, 0] + [1, 0, 0, 0], dini(/Z2) = 28, deg(/Z2) = 4; 
= + Ms", 
H3' = [0,0,l,l],dim(/i3') = 16,deg(/i3') = 5; 
^is" = [0, 0, 0, 0] + [0, 0, 2, 0] + [2, 0, 0, 0], dim(/x3") = 63, deg{^is") = 6; 

114, = jJ-A + Hi" ■, 

fi4' = [0,0,0,2],dim(/i4') = 3,deg(/X4') = 6; 
Hi" = [0, 0, 1, 1] + [1, 0, 1, 1], dim(/z4") = 112, deg(/Z4") = 7; 
Ms = [0, 0, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2], dim(/z5) = 85, deg(M5) = 8; 
He = [0,0,l,3],dim(/i6) = 32,deg(M6) = 9; 
H7 = [0,0,0,4],dim(/i7) = 5,deg(M7) = 10. 

• D=7+3, n=l 

HO = [1, 0, 0, 0], dim(/xo) = 7, deg(/io) = 4; 

Ml = Ml' + Mi", 
Hi' = [0,0,l,l],dim(/ii') = 16,deg(/ii') = 5; 

Ml" = [2, 0, 0, 0], dim(Mi") = 27, dcg(Mi") = 6; 
M2 = M2' + M2", 
H2' = [0,0,0,2],dim(/X2') = 3,deg(/X2') = 6; 
A^a" = [0, 0, 1, 1] + [1, 0, 1, 1], dini(M2") = 112, dcgC^a") = 7; 
H3 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 2, 0] + [0, 1, 0, 2] + [1, 0, 0, 0] + [1, 0, 0, 2], 
dim(/i3) = 130,deg(/i3) = 8; 



M4 = IJ'i + IJ'i", 

m' = [0, 0, 1, 1] + [0, 0, 1, 3], dim(/i4') = 48, degiin') = 9; 
114" = [0, 1, 0, 0], dini(/^4") = 21, deg(M4") = 10; 

1^5 = lib + IJh", 

115' = [0,0,0,4],dim(/i5') = 5,deg(/i5') = 10; 
/xs" = [0,0, 1, l],dim(/i5") = 16,deg(/i5") = 11; 
/X6 = [0, 0, 0, 2], dini(/X6) = 3, degino) = 12. 

• D=7+3, n=2 

Mo = [0, 0, 0, 0], dim(/io) = 1, deg(/xo) = 6; 
/zi = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/zi) = 10, deg(/zi) = 8; 
IJ.2 = [0,0, l,l],dim(/i2) = 16,deg(/i2) = 9; 
113 = [0, 0, 1, 1], dim(/i3) = 16, deg(/U3) = 11; 

fii = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/i4) = 10, dcg{fii) = 12; 
At5 = [0,0,0,0],dim(/Z5) = l,deg(At5) = 14. 

• D=6+4, n=0 

Mo = [0, 0, 0, 0, 0], dim(/xo) = 1, deg(Mo) = 0; 
Ml = [0,l,0,0,0],dim(Mi) = 6,deg(Mi) =2; 
M2 = [0, 0, 0, 0, 0] + [1, 0, 1, 0, 0], dim(M2) = 16, deg(M2) = 4; 
M3 = [0, 0, 0, 1, l] + [0, 0, 2, 0, 0]+[0, 1, 0, 0, 0]+[2, 0, 0, 0, 0], dim(M3) = 30, deg(M3) = 6; 

M4 = lii + in", 
Hi' = [0, 0, 1, 1, 0] + [1, 0, 0, 0, 1], dim(M4') = 16, deg(M4') = 7; 

M4" = [l,0,l,0,0],dim(M4") = 15,deg(M4") = 8; 
M5 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], dim(M5) = 16, deg(M5) = 9; 
M6 = [0,0,0,l,l],dim(M6) = 4,deg(M6) = 10. 
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• D=6+4, n=l 

Ato = [0, 0, 0, 0, 0], dini(/xo) = 1, deg(Ato) = 4; 

Ml = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/xi) = 10, deg(/ii) = 6; 

^i2 = [0,0,l,l,0] + [l,0,0,0,l],dim(Ai2) = 16,dog(M2) =7; 
M3 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], diin(M3) = 16, deg(M3) = 9; 
m = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/i4) = 10, deg(M4) = 10; 
= [0,0,0,0,0],dini(M5) = l,deg(/X5) = 12. 

• D=5+5, n=0 

Mo = [0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [1, 0, 0, 0], dim(Mi) = 5, deg(Mi) = 2; 
M2 = [0, 2, 0, 0], dini(M2) = 10, deg(/X2) = 4; 
M3 = [0,2,0,0],dim(M3) = 10, deg(M3) = 6; 

M4 = [1, 0, 0, 0], dim(M4) = 5, deg(M4) = 8; 
M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 10. 

• D=4+6, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 
Ml = [l,l,0,0,0],dim(Mi) = 4,deg(Mi) =2; 
M2 = [0,2,0,0,0] + [2,0,0,0,0],dim(M2) = 6,deg(M2) =4; 
M3 = [1, 1, 0, 0, 0], dim(M3) = 4, deg(M3) = 6; 
M4 = [0,0,0,0,0],dim(M4) = l,deg(M4) =8. 
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• D=3+7, n=0 





[0,0,0,0],dim(Aio) 


= l,deg(^o) = 


Ml = 


[2,0,0,0],dim(Aii) 


= 3,deg(Aii) = 2 




[2,0,0,0],dim(^2) 


= 3,deg(Ai2) = 4 


M3 


[0,0,0,0],dim(Ai3) 


= l,deg(pt3) = 6 



• D=2+8, 11=0 

^Io = [0, 0, 0, 0, 0], dini(^o) - 1, deg(Mo) = 0; 
fii = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dim(Mi) = 2, deg(/xi) = 2; 
/X2 = [0, 0, 0, 0, 0], dini(^2) = 1, deg(Ai2) = 4. 

• D=l+9, n=0 

^0 = [0,0, 0,0],dim(^o) = l,deg(/^o) = 0; 
Ml = [0,0,0,0],dim(Aii) = l,deg(A*i) = 2. 

B Computer calculations 

We will describe here the computer programs used in the calculations |f| 

1. We calculate the differential d : V ^ S (E) S (Eq. [2]) using Gamma [15] . 

2. We use Macaulay2 [5] to calculate the Poincare (Hilbert) series P,i(t) = 
J2k dim" Mfcr'^ of i?-module "Af = X^fe Here R = C[ti, • ■ • , r , • • • ] = 

Sym'"S'. We calculate generators of this module and generators of free 
resolution 

>" M,^ ^" Ml ^" Mo ^" M ^ 

where "M^ =" m, ® i?. 

^The detailed codes are provided here; |http : //llf shltz . ucdavls ■ edu/- rxu/code/ cohom/ 1 
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Input: 

Coefficients F™^ in tlie differential, tfie number of Greek indices (dimS'), 
tlie number of Roman indices (dimV). 

Output: 

Poincare (Hilbert) series, 

number of generators of "M and the number of them, 
number of generators of "/x^ having given degree. 

3. Using LiE, we decompose Sym'"S' ® a''V into irreducible representation 
of Aut. Applying principle of maximal propagation and resolving the 
ambiguities from the information about Poincare series we obtain decom- 
position of cohomology into irreducible representation for fc > 20. 

4. We make a conjecture of the decomposition of H'^'" into irreducible repre- 
sentation for arbitrary k using the information from the step [31 We prove 
that our conjecture gives the right Poincare series using Weyl dimension 
formulaic 

5. We make a conjecture about cohomology generators using the information 
about their numbers and dimension from Macaulay2 [9 and the informa- 
tion from the steps [3] and SI We prove that our formulas give cocycles 
using Gamma |15) . 

6. We use the formula Eg. I105l to get the decomposition of generators of free 
resolution into irreducible representation. 
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1 Introduction 



In present paper we will analyze homology and cohomology groups of the su- 
per Lie algebra of supersymmetries and of super Poincare Lie algebra. We 
came to this problem studying supersymmetric deformations of maximally su- 
persymmetric gauge theories |14j : however, this problem arises also in different 
situations, in particular, in supergravity In low dimensions it was studied 
in [^. The cohomology of supersymmetry Lie algebra appeared in the analysis 
of supersymmetric invariants in 5 (it was denoted there by the symbol i?f '^). 
The cohomology groups calculated below appear also in pure spinor formalism of 
ten-dimensional supersymmetric gauge theory in [J . Some of results of present 
paper were derived by more elementary methods in our previous paper [15_. 

Let us recall the definition of Lie algebra cohomology. We start with super 
Lie algebra Q with generators ca and structure constants f^B- We introduce 
ghost variables with parity opposite to the parity of generators ca and 
consider the algebra E of polynomial functions of these variables. (In more 
invariant way we can say that E consists of polynomial functions on linear 
superspace HQ . The algebra E is graded by the degree of polynomial. We 
define a derivation d on i? by the formula d — ^Iab^^^^'SUk- 

This operator is a differential (i.e. it changes the parity and obeys cP — 0.) 
We define the cohomology of Q using this differential: 

H'{g) = Kcrd/Imd. 

The definition of homology of Q is dual to the definition of cohomology: instead 
of E we consider its dual space E* that can be considered as the space of 
functions of dual ghost variables ca\ the differential d on E* is defined as an 
operator adjoint to d. The homology H,{Q) is dual to the cohomology H'{Q). 
We will work with cohomology, but our results can be interpreted in the language 
of homology. 

Notice that we can multiply cohomology classes, i.e. H'{Q) is an algebra. 
The group Aut{Q) of automorphisms of Q acts on E and commutes with 
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the differential, therefore it acts also on homology and cohomology. We will 
be interested in this action. In other words we calculate cohomology as repre- 
sentation of this group or as a representation of its Lie algebra aut{Q) (as an 
aut{Q)-mochile) . For every graded module E we can define its Euler character- 
istic x{E) as a virtual module (as an alternating sum of its graded 
components in the sense of K-theory) . Euler characteristic of graded differential 
module coincides with Euler characteristic of its homology. This allows us to 
calculate the Euler characteristic of Lie algebra cohomology as virtual represen- 
tation (virtual aut(tj)-module) . If the cohomology does not vanish only in 
one degree the Euler characteristic gives a complete answer for cohomology. 

The super Lie algebra of supersymmetries has odd generators and even 
generators P„i ; the only non-trivial commutation relation is 

[cq, e^]+ = r™^p„. 

The coefficients in this relation are expressed in terms of Dirac Gamma matrices 
(see e.g. [7j for mathematical introduction). The space E used in the definition 
of cohomology (cochain complex) consists here of polynomial functions of even 
ghost variables t" and odd ghost variables c™; the differential has the form 



d=ir"rt'3-^. (2) 



The space E is double-graded (one can consider the degree with respect to 
and the degree with respect to c™). In more invariant form we can say that^ 

E = QSym^S-® A"y 

where S stands for spinorial representation of orthogonal group, V denotes 
vector representation of this group and Gamma-matrices specify an intertwiner 
V Sym^S". The differential d maps Sym'^S" ® A"^ into Sym'^+^S" ® A"-iy. 



^Instead of virtual modules we can talk about virtual representations of Aut{Q') (elements of 

representation ring). If the group AutiCi") is compact the representation ring can be identified 

with the ring of characters. 

^We use the notation Sym'" for symmetric tensor power and the notation A" for exterior 

power 
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The above description can be applied to any dimension and to any signature 
of the metric used in the definition of orthogonal group, however, spinorial 
representation is dimension-dependent. [f| The group SO(n) can be considered 
as a (subgroup) of the group of automorphisms of supersymmetry Lie algebra 
and therefore it acts on its cohomology . The action of SO(n) is two-valued, 
hence it would be more precise to talk about action of its two-sheeted covering 
Spin(n) or about action of its Lie algebra so{n). We will work with complex 
representations and complex Lie algebras; this does not change the cohomology 

We will consider also homology and cohomology of reduced Lie algebra of su- 
persymmetries (or more precisely the Lie algebra of supersymmetries in dimen- 
sion n reduced to the dimension d) . This algebra has the same odd generators 
as the Lie algebra of supersymmetries in dimension n, but only d < dimy even 
generators Pi,...,Pd', the commutation relations are the same as in unreduced 
algebra. In this case the cohomology is a representation of Spin((i) x Spin(n — d). 

The double grading on E induces double grading on cohomology. How- 
ever, instead of the degrees m and n it is more convenient to use the degrees 
k = m + 2n and n because the differential preserves k and therefore the problem 
of calculation of cohomology can be solved for every k separately. It impor- 
tant to notice that the differential commutes with multiplication by a poly- 
nomial in , therefore the cohomology is a module over the polynomial ring 
C[t^ , ...jt" , ...]. (Moreover, it is an algebra over this ring.) The cohomology is 
infinite-dimensional as a vector space, but it has a finite number of generators 
as a C[t^, ...]-module (this follows from the fact that the polynomial ring 

is noetherian). One of the problems we would like to solve is the description 
of these generators. If cohomology classes of cocycles zi,...,zn generate the 
cohomology then every cohomology class can be represented by a cocycle of the 

•^Recall that orthogonal group SO(2n) has two irreducible two-valued complex representa- 
tions called semi-spin representations (left spinors and right spinors), the orthogonal group 
SO(2?i -I- 1) has one irreducible two-valued complex spin representation. One says that a 
real representation is spinorial if after extension of scalars to C it becomes a sum of spin or 
semi-spin representations. (We follow the terminology of [7].) 



4 



form pizi + ... + pnzn where pi, ...,pn belong to €-[1^, i", ...]. 

Notice that the cohomofogy of Lie algebra of supersymmetries can be in- 
terpreted as homology of Koszul complex Q corresponding to to a sequence of 
functions ~ jT^^t^i^. This allows us to use software [lOj to calculate 

the dimensions of cohomology groups. However, we are interested in more com- 
plicated problem- in the description of decomposition of cohomology groups in 
direct sum of irreducible representations of the group of automorphisms Aut or 
its Lie algebra aut. We use [9 for such calculations. 

The paper is organized as follows. We start with the description of coho- 
mology of Lie algebra of supersymmetries in dimension 10 (Secj^]) and in di- 
mension 11 (Secl3]). In the next sections we describe cohomology of dimensional 
reductions of ten-dimensional algebra of supersymmetries (Sec|4|) and of eleven- 
dimensional supersymmetries (SecE]). Section [6] contains the results about Lie 
algebras of supersymmetries in dimensions < 9. Section [7] is devoted to the ex- 
planation of methods we are using. Section |S] is devoted to cohomology of super 
Poincare Lie algebra. The paper contains two appendices that will be omitted 
in printed version. In Appendix A we describe the decomposition of free reso- 
lution in direct sum of representations of the automorphism group. Appendix 
B gives more detail about our calculations. 

Acknowledgements 

We are indebted to F. Brandt for useful correspondence. 

2 D=10 

We will start with ten-dimensional case; in this case the spinorial representation 
in the definition of Lie algebra of supersymmetries should be considered as one of 
two irreducible 16-dimensional representations of Spin(lO) (in Minkowski space 
the spinors are Majorana-Weyl spinors). The Lie algebra of automorphisms aut 
is so(lO). 

*To define the homology of Koszul complex corresponding to a sequence of functions 
f^{t), f"(t) one considers the differential d = f"^(t) where ^i,...,^n are odd variables. 
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We will describe representations of the Lie algebra 5o(10) in the cohomology 
of the Lie algebra of supersymmetries in ten dimensions. As usual the repre- 
sentations are labeled by coordinates of their highest weight (see e.g. [T7| for 
details). The vector representation V has the highest weight [1,0,0,0,0], the 
irreducible spinor representations have highest weights [0, 0, 0, 0, 1],[0, 0, 0, 1, 0]; 
we assume that the highest weight of S" is [0, 0, 0, 0, 1]. The description of graded 
component of cohomology group with gradings k = m + 2n and n is given by 
the formulas for i/'''" (for n > 6, iJ*^'" vanishes) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

The only special case is when k — 4, there is one additional term, a scalar, for 

= [0,0, 0,0,0] ©[0,0, 0,1,1] (9) 

The SO(10)-invariant part is in H^^-^, and R-^-K 

The dimensions of these cohomology groups are encoded in series Pn{T) = 





[0,0,0,0,fc] 






[0,0,0, l,fc - 


3] 




[0, 0,1,0, fc - 


6] 




[0, 1,0,0, fc - 


8] 




[1, 0,0,0, fc - 


10] 


jjk,5 ^ 


[0, 0,0,0, fc- 


12] 
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J2k dim H'^'^t^ (Poincare series) that can be calculated by means of |10) : 



Piir 
P2{t 

Pz{t 
Piir 
Psir 



5t2 + 5t + 1 



(1-r)" 

(16t3 + aSr"* - + 55t^ - 165t^ + 330t^ - 462t^ + 462t1" 
-330t" + 165t12 - 55t13 + llri* - ri5)/(l - r)", 
(120r^ - 120t^ + 330t* - 462t^ + 462t^° ~ 330t" 

45T8 + 65r9 + llri° 



(10) 

(11) 



^11 



(1-r)" 
lOri" +34t" + 16t12 



(12) 
(13) 

(14) 
(15) 



(l-r)ii 

The cohomology regarded as C[t^, t", ...]-module is generated by the scalar 
considered as an element of and by 



8,3 
10,4 



12,5 



Here [a] denotes the cohomological class of cocycle a. 

The GAMMA package ll6| was used to verify that the expression above are 
cocycles . 



3 D=ll 

Now we consider the eleven-dimensional case; in this case the spinorial represen- 
tation in the definition of supersymmetry Lie algebra should be considered as one 
irreducible 32-dimensional spinor representations of Spin(ll) (Dirac spinors). 
As usual we work with complex representations and complex Lie algebras. . 
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We will describe representations of Aut{G) = so(ll) in the the cohomol- 
ogy of the Lie algebra of supersymmetries. As usual the representations are 
labeled by their highest weight. The vector representation V has the highest 
weight [1,0,0,0,0], the irreducible spinor representations have highest weights 
[0,0,0,0, 1]. The description of graded component of cohomology group with 
gradings k = m + 2n and n is given by the formulas for H'^''^ (for n > 3, H'^'" 
vanishes) 

ijM = e [0,i,0,Q,k-2i] (16) 

i=0 

, , [(fc-4)/2] 

H'''^ = e [l,i,0,0,fc-4-2i] (17) 

1=0 

P-6)/2] 

ijM ^ ^ [0,i,0,0,fc-6-2i] (18) 

1=0 

The SO(ll)-invariant part is in H°'° and H^'"^. 

The dimensions of these cohomology groups are encoded in Poincare series: 

Po(r) = A{t) (19) 
T^(ll + 67t + 142r2 + 142t3 + 67t* + llr^) 
"(1^ 

P2(r) = Airy (21) 



Pl[T) = , (20) 



Mr) = " ."^.a" " " (22) 



where 

1 + 9t + 34r2 + 6 6t^ + 66t ^ + 34r5 + Or^ 
"(1^ 

The cohomology regarded as C[t^, f", ...]-module is generated by the scalar 
considered as an element of H^'° and 



4 Dimensional reduction from D = 10 

Let us consider dimensional reductions of ten-dimensional Lie algebra of super- 
symmetries. The reduction of sust)iQ to r dimensions has 16 odd generators 
(supersymmetries) and r even generators (here < r < 10). Corresponding 
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differential has the form © where F™^ are ten-dimensional Dirac matrices, 
Greek indices take 16 values as in unreduced case, but Roman indices take 
only d values. The differential commutes with (two-valued) action of the group 
SO(r) X SO(10 — r), therefore this group acts on cohomology. The cohomol- 
ogy can be regarded as a module over C[t^, t^^]. Again cohomology is double 
graded; we use notation T?*"'" for the component having degree m ^ k — 2n with 
respect to t and the degree n with respect to c. The symbol Pn{T) stands for 
the generating function PniT) — diniiJ*'''"T'^ (for Poincare series). We cal- 
culate the cohomology as a representation of Lie algebra so(r) x so(10 — r) and 
describe elements that generate it as a C[t^, t^^]— module. (We characterize 
the representation writing Dynkin labels of the first factor, then Dynkin labels 
of second factor.) 

• r = 9, 





[0,0,0,fc],fc ^ 2 


(23) 


jjKi ^ 


[0,0,l,fc-4] 


(24) 




[0, l,0,fc-6] 


(25) 


^k,3 ^ 


[l,0,0,fc-8] 


(26) 


jjk,4 ^ 


[0,0,0,fc- 10] 


(27) 



when fc = 2, 

i?^'" = [0,0,0,0] © [0,0,0,2] (28) 

Groups iJ*^'" with ti > 5 vanish. The S0(9)-invariant part is in i/'^'^, 
ffio,4^ and i/2.0. 

Generators 

[et^CmCnCkClT'^f'] G 
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Poincare series 

Po(r) = (Ti3-llTi2_^55r"-165ri° + 330r9-462T*^ + 462r^ 

-330t^ + 165t^ - 55t^ + IOt^ - Gr^ - 5r - l)/(-l + r)"(29) 
Pi (r) = (84r^ - 156r^ + 330t*^ - 462r^ + 462t® - 330r^ 



165t1° - 55t" + llr^2 - t1^)/(1 - r)", (30) 
36t6 + 36t^ 



^2(t) = , (31) 



9r« + 29r9 + llr^°-r^i 
^3(r) - (I-tY^ ' ^ ^ 

^'4(t) = (33) 

• r = 8,fc > 0, 

= © [0,0,A;-z,z,A;-2i] © [0,0,k - 2i,0,k] 

i=l i=0 
[k/2] 

e [0,0,0,fc-2i,-fc], (34) 

i=0 

= V[0,l,A;-4-i,i,fc-4-2i], (35) 

2 = 

/f'='2 = %^[l,0,k-6-i,i,k-6-2i], (36) 

i=0 

^ ''0^o,O,fc-8-^,^,A;-8-2^] (37) 

i=0 

Groups H'''" with n > 4 vanish. The S0(8) x S0(2)-invariant part is in 
ifO'O, and if8,3 

Generators: 
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Poincare series 



„ , , 2t5 - + 5r3 - - 5t - 1 

^'o(r) = (-l + ryi ' (38) 

A(r) = (137)11 ' (3^) 



8t*^ + 24t^ + 6r8 - 2r9 



^2(r) = ^-^rn , (40) 



= (T^Tyn (41) 



• r = 7, 



[k/2] [fc/2] 

= © [0,i,k-2i,k-2i] ® [0, 0, /c - 2i, A;] (42) 

. , [(fe-4)/2] 

iJ^^'i = ® [l,z,A;-4-2i,fc-4-2i] (43) 

[(fc-6)/2] 

^ ^ \0,i,k-6-2i,k-6-2i] (44) 

i=0 

Groups with n > 3 vanish. The S0(7) x S0(3)-invariant part is in 
ifO'O, and H^'\ 

Generators: 



Poincare series 

5r5 - 7r^ + Sr^ + 5r + 1 

(-1+T) 

7r'' + 19t5 + T*^ - 3r^ 



^o(t) = , , , _Mi ' (45) 



^i(^) = n -Ml ' (46) 



^2(^) = (^37)11 (47) 



• r = 6, 



ifM = e ® [j,i,k-j-2i,j,k-j-2i] 

fe-1 i-1 

© © [j,0,k-2i + j,i,k-i] (48) 

i=l j=max{0,2i — fc} 
, , [(fe-4)/2] fe-4-2j 

H'''^ = © © [j,i,A:-4-j-2i,j,A;-4-i-2i] (49) 

i=0 j=0 
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Groups if'"'" with n > 2 vanish. The S0(6) x S0(4)-invariant part is in 
and if^'^ 



Generators: 



Poincare series 



[rt^c^T^p] e H^'' (50) 



„ . , 4t5 + 4t4 - 5r3 - 9r2 - 5t - 1 

^o(r) = (-l + ry^ ' ^^^^ 



• r = 5, 



,„ [k/2]i-l [fc/2][(fc-2i)/2] 

ij'^'O = © © A;-2i, i, k-2i] ® e [«, k-2i-2j, i, k-2i-2j] (53) 

i=l j=0 1=0 j=0 

Groups if*^'" with n > 1 vanish. The S0(5) x S0(5)-invariant part lies in 
H'^fi where k is even. 



Poincare series 

(l + r) ^ 
(1-r) 

• r = 4, 



Poir) = ir^^ (54) 



, . [fe/2] fc-2i 

fl-'='0= e ® (i + l) X [j-,fc-2i-j,i,i,fc-2i-i] (55) 

i=0 i=0 

where the coefficient (« + 1) is the multiphcity. Groups ij'"'" with n > 1 
vanish. The S0(4) x S0(6)-invariant part is in H°'°. 

Poincare series 



(1 + r )^ 

• r = 3, 



^o(r) = 7T^^ (56) 



^ [A;-2i,i,i-j,fc-2i] (57) 

i=0 j=0 

Groups il'"'" with n > 1 vanish. The S0(3) x S0(7)-invariant part is in 
Poincare series 

(l + r)3 

^o(-) = (58) 
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• r = 2, 

[k/2\ k-2i 

H'''" = e ® [i,0,k~2i~j,j,k-2i-2j] (59) 
Groups iJ*^'" with n > 1 vanish. The S0(2) x S0(8)-invariant part is in 



Poincare series 



• r — 1, 



Poir) - (60) 



F'^'" = ® [z,0,0,fc-2i] (61) 

i=0 

Groups H'''" with n > 1 vanish. The S0(1) x S0(9)-invariant part is in 



Poincare series 

1+T 
(1-T 



^o(r) - T^^us (62) 



For r < 5, the cohomology is generated by the scalar 1. 



5 Dimensional reduction from D = 11 

Let us consider dimensional reductions of eleven-dimensional Lie algebra of su- 
persymmetries. The reduction of sustj^i to r dimensions has 32 odd generators 
(supersymmetries) and r even generators (here < r < 11). Corresponding 
differential has the form ^) where F™^ are eleven-dimensional Dirac matrices, 
Greek indices take 32 values as in unreduced case, but Roman indices take only 
d values. The differential commutes with action of the group SO(r) x S0(11 — r), 
therefore this group acts on cohomology. The cohomology can be regarded as a 
module over C[t^, ...,t^'^]. Again cohomology is double graded; we use notation 
jjk.n component having degree m — k ~ 2n with respect to t and the 

degree n with respect to c. The symbol P„ (r) stands for the generating function 
Pn{T) ~ dimi7'^'"T'^ (for Poincare series). We calculate the cohomology as 
a representation of Lie algebra so(r) x so(ll — r) and describe elements that 
generate it as a C[t^, t'^^]— module. 
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Let us start with calculation of Euler characteristic x{H^) of cohomology 
= H^'^ ■ By general theorem this is a virtual so{r) x so(ll — r)-module 

^(-l)"Sym'^-^"5'cg) A"y (63) 

n 

where S and V are considered as so(r) x so(ll — r)-niodules. 
Cohomology for r — 10 are given by the formula 

[fc/2] k-2z l'^^^] 

H'''° = © © © [0,i,0,j,k~2i~ j ~2l] 

i=0 j=0 l=0d^2 
[fc/2] [-T^] fc-2i-2j 

© © © [ij,0,l,k-2i-2j ~l] 

i=l j=0 1=0 
[t^] fc-4-2i 

© © [0,i,0J,k-4-2i-j], (64) 

1=0 3=0 

if'^^^ = © © ''~©^'[j,i-j,0,?,fc-4-2i-/] (65) 



i=0 j=0 1=0 



(66) 



Groups ff*^'" with n > 2 vanish. The SO(10)-invariant part is in H'^'^ and H'^'^. 
Generators 

Poincare series 



(1 + ^) 



10 



Poir) = Iy^TP^+^'^M, (68) 
Pi(r) = t^A{t) (69) 

where A(t) is the Poincare series given by Eq. [2H 

For r < 9 the groups H'^'" with n > 1 vanish hence Euler characteristic (|63p 
gives a complete description of cohomology. 

Poincare series 



Poir) = I' (70) 



(1-r) 

To find the so(r) x so(ll — r)- invariant part of H''''^ it is sufficient to solve 
this problem for Euler characteristic. The conjectural answers (obtained by 
means of computations for k < 19) are listed below. 
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r = 3, 



r = 4, 



r = 5, 



r = 6, 



r = 7, 



r = 8, 



r = 9, 



[0,0,0,0,0] e iJ'^'^'O (71) 
([/c/2] + l) X [0,0,0,0,0] e iJ^/^^o (72) 
(fc+ 1) X [0,0,0,0,0] e (73) 



(fc + l)^(fc + 2) ^ ^ (74) 



([fe/2] + l)([fc/2] + 2)([fe/2] + 3) ^ ^ ^,,0 ^^^^ 

([fc/2] + l)([fc/2] + 2) 



X 



[0,0,0,0,0] e (76) 



(fc + 1) X [0,0,0,0,0] e (77) 
(2fc + 1) X [0,0,0,0,0] e iJ^'^'O (78) 

2 X [0,0,0,0,0] e iJ'"'^", (79) 
[0,0,0,0,0] £ (80) 

where i x [a, b, c, d, e] denotes the representation [a, 6, c, d, e] with multipHcity i 
and [a] stands for the integer part of a. 

6 Other dimensions 

In this section we consider in detail cohomofogy of Lie algebra of supersym- 
metries in dimensions < 10. Let us begin with some general discussion of 
supersymmetries in various dimensions (see [7] and |13) for more detail). 
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We will work with complex Lie algebras. Let us start with the description 
of the symmetric intertwiners T : S* ® S* ^ V used in the construction of su- 
persymmetry Lie algebra in various dimensions (notice that in the construction 
of differential we use dual intertwiners). Recall that in even dimensions we have 
two irreducible spinorial representations s; and Sr, in odd dimensions we have 
one irreducible spinorial representation 5. 

• dim V = 8n 

In this case we have intertwiners ji : Si ^ Sr ^ V and 7^ : Sr <8i S( — >■ V. 

S ^ S* =Si+Sr, T = ji+jr, dim6' = 16". 
Automorphism Lie algebra aut = so(8n) x so(2). 

• dimy = 8n+ 1 

In this case we have symmetric intertwiner 7 : 5 (g) 5 — >^ F. 

S = S*=s, r = 7, dim5 = 16". 
Automorphism Lie algebra aut = so(8n +1). 

• dimV = 8n + 2 

In this case we have symmetric intertwiners "fi : Si <Si 3i ^ V and 7r : 

Sr'SlSr ^ V. 

There are two possible choices of S : 

S =Sr,S* =si,r = -fi; S' = s,,S'* =s^,r = 7^,dimS'= 16". 
Automorphism Lie algebra aut = so(8n + 2). 

• dim V ~ 8n + 3 

In this case we have symmetric intertwiner -y : s^s V. 

S = S*=s, r = 7, dim5 = 2xl6". 
Automorphism Lie algebra aut = so{8n + 3). 
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• dim V = 8n + 4 

In this case we have intertwiners ji : Si <Si Sr ^ V and 7^. : s,- S; — )• V. 

S^S* =Si+Sr, r = 7,+7^, dim5 = 4xl6". 
Automorphism Lie algebra aut = so{8n + 4) x so (2). 

• dim V ~ 8n + 5 

The intertwiner 7 : 5 s — >• V is antisymmetric. 

5 S 5* = s W^, r = 7 (g) w, dim 5 = 8 X 16" . 

Here and later W stand for two-dimensional linear space with a symplectic 
form oj. Automorphism Lie algebra aut = 5o(8n + 5) x sl(2). 

• dimy = 8n + 6 

In this case we have antisymmetric intertwiners : Si Si ^ V and 
7r : Sr V. There are two possible choices of S : 

5* =5;0 W;r = 7i 0w; 5* =s^0W, r = 7^0 0;, dim5 = 8 X 16". 

Automorphism Lie algebra aut = so(8n + 6) x s[(2). 

• dimy = 8n + 7 

The intertwiner 7 : 5 s — > F is antisymmetric. 

5 = 5* = s VT, r = 7 w, dim 5 = 16 X 16". 

Automorphism Lie algebra aut = so(8n + 7) x 5[(2). 

One can consider also A''-extended supersymmetry Lie algebra. This means 
that we should start with reducible spinorial representation 5;v (direct sum of 
N copies of spinorial representation S). Taking A'' copies of the intertwiner 
V — >■ Syrn^S we obtain an intertwiner V Sym^^Ar. We define the AT-extended 
supersymmetry Lie algebra by means of this intertwiner. The Lie algebra acting 
on its cohomology acquires an additional factor Qi{N) . 
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Notice that in the cases when there are two different possible choices of S 
(denoted by Si and S2) one can talk about (TVi, A^2)-extended supersymmetry 
taking as a starting point a direct sum of A''i copies of and N2 copies of 52- 

The description of cohomology of supersymmetry Lie algebras in dimensions 
9,8,7 follows immediately from the description of cohomology of ten-dimensional 
supersymmetry Lie algebra reduced to these dimensions. (Notice S has dimen- 
sion 16 in all of these cases.) 

We will describe the cohomology of the Lie algebra of supersymmetries in 
six- dimensional case as representations of the Lie algebra so (6) x sl{2). The 
vector representation V of so (6) has the highest weight [1,0,0], the irreducible 
spinor representations have highest weights [0,0,1], [0,1,0]; we consider for 
definiteness s; with highest weight [0, 0, 1]. As a representation so (6) x sl{2) the 
representation V has the weight [1,0,0,0] and the representation S = si <SiW 
has the weight [0, 0, 1, 1]. The description of graded component of cohomology 
group with gradings k = m + 2n and n is given by the formulas 

= [0,0,A:,fc] (81) 

ff'^'i = [l,0,fc-3,fc-2] (82) 

H'''^ = [0,l,A;-6,fc-4] (83) 

H'''^ = [0,0,A;-8,fc-6] (84) 

The only special case is when k — A, there is one additional term, a scalar, for 

i?''^^ = [0,0,0,0] © [1,0,1,2] (85) 
For n > 4, iJ*^'" vanishes. The so(6) x s[(2)-invariant part is in H°'°, and H^'^. 
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The dimensions of the cohomology groups are encoded in Poincare series: 



P2(r) = 



l + 3r 



Mr) = (86) 
Pi(r) = T;"\r"' , (87) 



(l-r) 



5 



Psir) = (89) 

The cohomology considered as C[i^, t", ...]-module is generated by the 
scalar and 

Now we will describe the cohomology of the Lie algebra of supersymmetries 
in five-dimensional case as representations of the Lie algebra 5o(5) x 5[(2). The 
vector representation V of so{5) has the highest weight [1,0], the irreducible 
spinorial representation has highest weight [0,1]. As a representation so{5) x 
5l(2) the representation V has the weight [1, 0, 0] and the representation 5 = 5(8> 
W has the weight [0, 1, 1]. The description of graded component of cohomology 
group with gradings k = m + 2n and n is given by the following formulas (for 
n > 3, il^'" vanishes) 

H'''° = [0,k,k] (90) 
H''''^ = [l,k-4,k-2] (91) 
H''^^ = [0,k-6,k-A] (92) 

The only special case is when k = 2, there is one additional term, a scalar, for 

if 2,1 = [0,0,0] © [0,2,2] (93) 
The so(5) X sl(2)-invariant part is in H°'°, and iJ^.i 
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The dimensions of the cohomology groups are encoded in Poincare series: 
Po{r) = , (94) 

The cohomology regarded as C[f^, t", ...]-module is generated by the scalar 
considered as an element of H^'^ and 

In four-dimensional case the representation S should be considered as 4- 
dimensional Dirac spinor. 

We describe the cohomology of the Lie algebra of supersymmetries in four- 
dimensional case as representations of the Lie algebra so (4). As usual the rep- 
resentations are labeled by their highest weight. The vector representation V 
has the highest weight [1, 1], the irreducible spinor representations have highest 
weights S; = [0, 1], = [1,0]; we assume that S = Si + Sr = [0, 1] ® [1, 0]. The 
description of graded component of cohomology group with gradings k = m+2n 
and n is given by the following formulas (for n > 6, H'^'" vanishes) 

H^^^ = [0,fc]e[fc,0] (97) 
H^'"" = [l,A;-3]e[fc-3,l] (98) 
= [o,A;-6]e[fc-6,0], (99) 

The only special case is when k = A, there is one additional term, a scalar, 

for 

Jj4,i = p^0]e2 X [1,1] (100) 
The so(4)-invariant part is in H^'^ , H^''^, and H'^'^. 
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The dimensions of these cohomology groups are encoded in Poincare series 

1 + 2r - t2 



Poir) = 
Pi{r) = 
P2{t) = 



(1-r) 



2r5 



(1 



2t^ 



1 



(101) 
(102) 
(103) 



The cohomology can be regarded as C[t", i"]-module where a = 1,2, a = 
1,2. (Here transforms according to the representation [1, 0] and transforms 
according to the representation [0,1].) This module is generated by the scalar 
considered as an element of and 



The cohomology generators in Z? = 4 and D — 5 were found by F. Brandt [B]. 



7 Calculations 

We do calculation of Poincare series applying '10 . However, the straightforward 
calculation is pretty lengthy with the computers we are using. Therefore for 
D = 10 and D = 11 we consider dimensional reduction to dimension r and we 
are using induction with respect to r. 

Recall that the differential of D-dimensional theory reduced to dimension r 
has the form 

E (104) 

l<m<r 

where A"" = IV^pf^tl^ and acts in the space Er of polynomial functions of even 
ghosts and r odd ghosts c^,...,c''. We denote corresponding cohomology 
by Hr- Both Er and Hr are bigraded by the degree of even ghosts m and 
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degree of odd ghosts n, but it is simpler to work with grading with respect to 
k = m + 2n and n. An element of Er can be represented in the form x + yd" 
where x,y E Er-i- Notice that 

dr{x + yc^) = dr-ix + A^y + dr-iyd". 

The operator of multiplication by Am commutes with the differential, hence 
it induces a homomorphism 

Sending x e i?r-i into x + Oc™ G Er (embedding Er-i into Er) we obtain a 
homomorphism Hr-i — > Hr- Sending x + yc™ into y we get a homomorphism 
Hr — s> Hr-i- It is easy to see that combining these homomorphisms we obtain 
an exact sequence 

Hr — l — y Hr — 1 — y Hr — ^ Hr — \ — ^ Hr — \ 

or, taking into account the gradings, 

— > H^;^i\ ^ ^ ^ ^ h';+i^'^~^ ^ • • • (105) 

(This is the exact sequence of a pair (E^^, Er^i); we use the fact that = 
-E^-i " ^0 It follows immediately from this exact sequence that an isomor- 
phism = for n > rir-i implies iJ^'-" — for n > n,. + 1. (In other 
words if Hr is the maximal degree of cohomology in r-dimensional reduction 
then Jir+i < rir + 1.) Applying the exact sequence (jlOSp to the case n = Ur and 
assuming that n^-i < we obtain an isomorphism between and a 
subgroup of H^'^[^^ (this isomorphism can be considered as an isomorphism of 
so(r — l)-representations). For dimensional reductions of £> = 10 and Z? = 11 al- 
gebras of supersymmetries dimensions of and H^'^^[^^ coincide because 
Poincare series are related by the formula = t^P„^_-^. If homomorphism a 
is injective we obtain a short exact sequence 
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Calculations with [TIT show that tii = ... = n5 = for D = 10 and ni = ... = 
ng — for D = 11. (It is sufficient to check that in corresponding dimensions 
the homomorphism a is injective.) 

To analyze r-dimensional reduction for r > 5, D = 10 we notice that dr can 
be considered as a sum of differentials d' and d" where 

d 



d'= y: 



l<m<5 



J2 A- ^ 



5<m<.r 

(For r > 9,-D = 11 one should replace 5 by 9.) These differentials anticom- 
mute; this allows us to use the spectral sequence of bicomplex to calculate the 
cohomology of dr. The spectral sequence of bicomplex starts with cohomol- 
ogy H{d" , H{d')). Taking into account that the cohomology H{d') = H{dz) is 
concentrated in degree (as the cohomology H^,) we obtain that the spectral 
sequence terminates. This means that one can calculate the Poincare series of 
dr as the Poincare series of H{d" , H{d')) using [10 . Again applying [TO] we 
can obtain the information about generators of cohomology; this information is 
sufficient to express the generators in terms of Gamma-matrices. 

To calculate the cohomology as a representation of the group of automor- 
phisms we decompose each graded component E'^'"- — Syni'^^^"5 (g) A"V of E 
into direct sum of irreducible representations. 

For example, for _D = 10 spacetime, we have the cochain complex 

2l 



A Sym'^-^^ ® A^V A Sym'^-^^ ® A^V A Sym'^^^^^ ® A^F 
^ Sym^-12^ ® A^'V A Sym'^-"^ ® a'V 4* Sym'^-^'^^ ® A^V 



(106) 



where for Sym^S" A^V, the grading index k = m + 2n is preserved by d. All 
components of this complex can be regarded as representations of so(lO). We 
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have 

S = [0,0,0,0,1] (choosen) or [0,0,0,1,0], V ^ [1,0,0,0,0] 

A^V ^ [0,1,0,0,0], A^V = [0,0,1,0,0], 

A*T/= [0,0,0,1,1], A^V = [0,0,0,0,2] © [0,0,0,2,0], 

A^V^A^V, a'^V ^ A^V, A^V ^ a'^V, A V F, A^V = [0, 0, 0, 0, 0], 

(107) 

1 [fe/2] 

Sym''S'= © [i,0,0,0,fc-2i] (108) 

1=0 

(see [IS] for the decomposition of Sym™S'® A"^ and for complete description of 
action of differential on irreducible components for supersymmetry Lie algebra 
in lOD and 6D.) 

By the Schur's lemma an intertwiner between irreducible representations 
(a homomorphism of simple modules) is either zero or an isomorphism. This 
means that an intertwiner between non-equivalent irreducible representations 
always vanishes. This observation permits us to calculate the contribution of 
every irreducible representation to the cohomology separately. 

Let us fix an irreducible representation A and the number k. We will denote 
by Vn (or by if it is necessary to show the dependence of k) the multiplicity of 
A in = Sym'=~2"S'® A"K The muhiplicity of A in the image of d : ^ 
jTjk.n-i .^-jj denoted by k„, then the multiplicity of A in the kernel of this 
map is equal to t'n — k„ and the multiplicity of A in the cohomology iJ*^-" is 
equal to hn = Vn — i^n — i^n+i- It follows immediately that the multiplicity of 
A in virtual representation X]ri(^-'^)"-^'''" (^-"^ ^^'-^ Eulcr characteristic) is equal 
to ^(— 1)'V„. It does not depend on k„, however, to calculate the cohomology 
completely we should know k„. 

Let us consider as an example A = [0,0,0,0,0], the scalar representation, 
for dimension D — IQ and arbitrary k. For all fc ^ 4, 12, we have Vi — Q . 
(For small k this can be obtained by means of LiE program ^ .) For k = A, 
we have all Vi vanish except j^i = 1, hence all Ki vanish. The multiplicity of 
[0,0,0,0,0] in H'^'^ is equal to 1, and other cohomology H*'^ do not contain 
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scalar representation. For k = 12, all Vi vanish except = 1, hence H^'^'^ 
contains [0,0,0,0,0] with multiplicity 1, and H^^'^ do not contain [0,0,0,0,0] 
for i ^ 5. This agrees with Eq. Inland Eq. [51 respectively. 

In many cases a heuristic calculation of cohomology can be based on a prin- 
ciple that kernel should be as small as possible; in other words, the image should 
be as large as possible (this is an analog of the general rule of the physics of 
elementary particles: Everything happens unless it is forbidden). In [5] this is 
called the principle of maximal propagation. @ Let us illustrate this principle in 
the case when k = 9 and A — [0, 1, 0, 0, 1] in lOD. In this case 1^4 — 1, I's — 3, 
V2 — I. If we believe in the maximal propagation, then K3 = 1, K4 = 1, thus we 
have 1^3 — K3 — K4 = 1, and [0, 1, 0, 0, 1] contributes only to H^'^. 

Notice, that the principle of maximal propagation sometimes does not give 
a definite answer. For example, in the case when fc = 8 in the dimension 
reduced to 7 from lOD. Considering only the multiplicities oi A — [0,0,2,2], 
we have sequence 0^0— !'2— >5— s>3— >1. This sequence offers two distinct 
possibilities even under the assumption of maximal propagation. We can assume 
that the kernels of the differentials 2 — ;> 5 and 5 — > 3 are minimal. In this case 
ho = I . Or we can start with assumption that the kernel of differential 3 — > 1 
is minimal, then the kernel of 5 — !■ 3 has multiplicity at least 3 and assuming 
that this multiplicity is equal to 3 we see under the assumption of minimality 
of the kernel of 2 — > 5 that the only non-trivial cohomology is /i2 = 1 . (We can 
prove that the second position is the correct choice.) We see that the result of 
the method of maximal propagation depends on what differential we choose to 
start with. More generally, we should order the differentials in the complex in 
some way and apply the principle of maximal propagation using this ordering. 

In cases we are interested in one can prove that the principle of maximal 
propagation augmented with information about Poincare series and generators 
is free of ambiguities. In other words, this information permits us to resolve 

^ Notice that the principle of maximal propagation should be applied to the decomposition 
of cohomology into irreducible representations of the full automorphism group. Otherwise we 
do not use all available information. 
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ambiguities in the application of this principle. Sometimes it is useful to apply 
the remark that multiplying a coboundary by a polynomial we again obtain a 
coboundary. 

The only exception is the case of ten-dimensional reduction of eleven-dimensional 
supersymmetry Lie algebra. In this case we use the isomorphism between H^q 
and h'^^^'^ that was derived from Eq. 11051 This is an isomorphism of so(lO)- 
representations; it allows us to find the decomposition of H'^q^ from decomposi- 
tion of h'^^ ^'^ in irreducible representations of so(ll). From the other side we 
can find the virtual so(10)-character of H^q^ — H^^ (Euler characteristic); this 
allows us to finish the calculation. 

Let • ■ • M„ ^ • • ■ ^ Mo M denote the minimal free Sym'"S'- 
resolution of the module M = Y^^^'^- Then every free module Mi in this 
resolution is a representation of the group of automorphisms Aut ; it is a tensor 
product of a finite dimensional graded representation /i^ (the generators ) and 
a representation of Aut in polynomial algebra ^ Sym'^S*. It is easy to find 
the dimensions of Aui-modules /ii (the number of generators of Mi) using jlOj . 
Dimensions of the graded components of /i; can be found routinely using [lOj . 

The information about free resolution can be used to find the structure of 
Aut -module on /i^ and therefore on M . However, we went in opposite direction: 
we used the information about the structure of Aut -module on M to find the 
structure of Aut -module on /ij using the formula [f| 

^(-1)>. = (^ H'^^-t'^) ® iY^i-ryA^S). (109) 

i k 

The analysis of the resolution of the cohomology module is relegated to the 
appendix. 

^This formula follows from well known ii'-theory relation 

(^r™Sym'"5)(5^(-r)^A^5) = 1. 

Taking into account that parity reversal transforms symmetric power into exterior power we 
can understand this relation in the framework of super algebra. 
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8 Homology of super Poincare Lie algebra 



The super Poincare Lie algebra can be defined as super Lie algebra spanned by 
supersvmmetry Lie algebra and Lie algebra aut of its group of automorphisms 



To calculate the homology and cohomology of super Poincare Lie algebra we 
will use the following statement proved by Hochschild and Serre [H] .(It follows 
from Hochschild-Serre spectral sequence constructed in the same paper.) 

Let V denote a Lie algebra represented as a vector space as a direct sum 
of two subspaces C and Q. We assume that Q is an ideal in V and that C is 
semisimple. It follows from the assumption that Q is an ideal that C acts on Q 
and therefore on cohomology of Q; the £- invariant part of cohomology H'(Q)) 
will be denoted by H*{Q))'~ . One can prove that 



This statement remains correct if P is a super Lie algebra. We will apply 
it to the case when V is super Poincare Lie algebra, Q is the Lie algebra of 
supersymmetries and C is the Lie algebra of automorphisms or its semisimple 
subalgebra. (We are working with complex Lie algebras, but we can work with 
their real forms. The results do not change .) 

Notice that it is easy to calculate the cohomology of semisimple Lie algebra 
£; they are described by antisymmetric tensors on C that are invariant with 
respect to adjoint representation. One can say also that they coincide with de 
Rham cohomology of corresponding compact Lie group. The Lie algebra coho- 
mology oi L = so 10 with trivial coefhcients and as well as De Rham cohomology 
of the compact Lie group SO(10,IR) is a Grassmann algebra with generators of 
dimension 3,7,11,13 and 9. In general the cohomology of the group S0(2r, R) 
is a Grassmann algebra with generators having dimension Ai — 1 for i < r 
and the dimension 2r — 1 for i = r. The cohomology of the group S0(2r + 1, M) 

^Instead of Lie algebra of automorphisms one can take its subalgebra. For example, we 
can take as a subalgebra the orthogonal Lie algebra 



Aut. 




p+q=n 
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is a Grassmann algebra with generators having dimension 4i — 1 for i < r . 
The cohomology of Lie algebra 5l{n) coincide with the cohomology of compact 
Lie group SU(n); they form a Grassmann algebra with generators of dimension 
3,5,...,2n- 1. 

As we have seen only /^-invariant part of cohomology of Lie algebra of super- 
symmetries contributes to the cohomology of super Poincare algebra. For D = 
10 this means that the only contribution comes from subspaces Sym^S* (g) A"V 
having the following indices {m,n) = (0,0), (rn,n) — (2,1) and {m,n) = (2,5), 
for D = 11 the only contribution comes from (m, n) = (0, 0) and (m, n) = (2, 2), 
for D = 6 the only contribution comes from (m, n) = (0, 0) and (m, n) = (2, 1). 
(Here m = k — 2n denotes the grading with respect to even ghosts t" and n the 
grading with respect to odd ghosts c„i.) 

Cocycles representing cohomology classes of super Poincare algebra can be 
written in the form p ® h, where p is an invariant antisymmetric tensor with 



respect to adjoint representation of aut and is 1 or 

efc^cj:^^ for = 11 (110) 

f^t^c^T^p, et^CnCnCkCiCrT'^^'''^ for D = 10 (111) 

ee, rtPcr^Cr,CkCiT^f' for = 9 (112) 

et^c^CnCkK^'' ioiD^S (113) 

et^c^CnVlf 1otD = 7 (114) 

rt'^c^r™^, et^c^CnCkTZ'^" 1otD = 6 (115) 

rt''c„c„r^^" loiD = 5 (116) 

rt'^c^F" , Ti^c^F^^, ri^c™c„r™", rt^c™c„F^^" for D = 4. (117) 



Here Greek indices (i.e. spinor indices) take values 1, 2, • • • , dimS* and Roman 
indices (i.e. vector indices) take values 1, 2, • • • , Z?, and dimS* is defined in Sec- 
tionini The only exception is for D = A, the Greek indices a, /? take values 1, 2, 
and the dotted Greek indices d, $ take values 1,2. Notice that in these formulas 
Gamma matrices and summation range depend on the choice of dimension. 
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The general definition of super Poincare algebra can be applied also to re- 
duced supersymmetry Lie algebra. For D = 10 and D = 11 the role of super 
Poincare Lie algebra is played by the semidirect product of reduced supersym- 
metry Lie algebra and so(r) x 5o{D — r). The information about invariant ele- 
ments provided in Sections |4] and [5] permits us to describe cohomology of this 
generalization of super Poincare algebra. 

A Resolution of the cohomology modules 

One can find a minimal free resolution of the i?-module J^k H'''^ = M. (Here 
R = C[t\ • • • , r , • ■ • ] = J2m Sym^S.) The reader may wish to consuh [T] on 
this subject. The free resolution has the form 

^ M, > Mo-^ M ^0 

where Mi = R, and 

Ho - generators of M; 

Hi - relations between generators of M; 

/i2 - relations between relations ; 

A.l Resolution of the cohomology modules of dimensional 
reduction of lOD Lie algebra of supersymmetries 

We give the structure of /i^ as aut-module and its grading in the case of r- 
dimensional reduction of ten-dimensional Lie algebra of supersymmetries (in 
the case when D = r + (10 — r)). Recall that aut denotes the Lie algebra of the 
group of automorphisms Aut. 

• D=10-hO, n=0 

/xo = [0, 0, 0, 0, 0], dim(/xo) = 1, deg(/xo) = 0; 
Hi = [1, 0, 0, 0, 0], dim(^i) = 10, deg(^i) = 2; 
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^J^2 = [0,0,0, 1,0], dim(/X2) = 16, deg(/X2) = 3; 
/is = [0, 0, 0, 0, 1], dim(/i3) = 16, deg(/i3) = 5; 
jJLA = [1, 0, 0, 0, 0], dim(//4) = 10, deg(/X4) = 6; 
M5 = [0,0,0,0,0],dim(/i5) = l,deg(/X5) =8. 

• D=10+0, n=l 

/Uo = [0,0,0, 1,0], dim(/xo) = 16,deg(/Uo) = 3; 

A^i = Hi + Hi", 
Hi = [0,l,0,0,0],dim(/ii') =45,deg(/ii') = 4; 
Hi" = [0,0,0,0, l],dim(/ii") = 16,deg(/ii") = 5; 
H2 = 2x [0, 0, 1, 0, 0] + [1, 0, 0, 0, 0], dim(/t2) = 250, deg(At2) = 6; 
H3 = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/x3) = 720, degina) = 7; 

Hi = Hi + fJ-i", 

Hi = [0, 2, 0, 0, 0] + [l, 0, 0, 2, 0]+[2, 0, 0, 0, 0], dim(/t4') = 1874, deg(At4') = 8; 
Hi' = [0,0,0,0, l],dim(/i4") = 16,deg(M4") = 9; 
/«5 = fJ-b' + fJ-b", 

Hb' = [0, 0, 0, 0, l] + [0, 0, 0, 0, l]+[0, 0, 0, 3, 0] + [l, 1, 0, 1, 0], dim(/i5') = 4352, deg(M5') = 9; 
Hb" = [l,0,0,0,0],dim(M5") = 9,deg(/X5") = 10; 
H6 = [0, 1, 0, 2, 0] + [2, 0, 1, 0, 0], dim(/i6) = 8008, deg(At6) = 10; 
H7 = [1, 0, 1, 1, 0] + [3. 0, 0. 0, 1], dim(/i7) = 11440, deginr) = H; 
H8 = [0, 0, 2, 0, 0] + [2, 0, 0, 1, l]+[4, 0, 0, 0, 0], dim(/i8) = 12870, deg(M8) = 12; 
H9 = [1,0,1,0, 1] + [3,0,0, 1,0], dim(/i9) = 11440, deg(/i9) = 13; 
Hio = [0, 1, 0, 0, 2] + [2, 0, 1, 0, 0], dim(/iio) - 8008, deg(/xio) = 14; 
Hii = [0, 0,0,0, 3] + [l,l,0,0,l],dim(/iii) =4368, deg(Mii) = 15; 
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M12 = [0,2,0,0,0] + [1,0, 0,0,2], dim(/ii2) = 1820, deg(Mi2) = 16; 
/ii3 = [0, 1,0,0, l],dim(/ii3) = 560, deg(Mi3) = 17; 
/xi4 = [0,0,l,0,0],dim(iUi4) = 120,deg(/xi4) = 18; 
Mi5 = [0,0,0, 1,0], dim(/ii5) = 16,deg(Mi5) = 19; 
Mi6 = [0, 0, 0, 0, 0], dim(/ii6) = 1, deg(/ii6) = 20. 

• D=10+0, n=2 

fio = [0, 0, 1, 0, 0], dim(^o) = 120, dcg(Mo) = 6; 

Ml = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/xi) = 720, deg(Mi) = 
M2 =[0, 0, 0, 0, 0] + [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0] + [0, 2, 0, 0, 0] + [1, 0, 0, 2, 
+ [2, 0, 0, 0, 0], dim(/i2) = 2130, deg(M2) = 8; 

M3 = Ms' + Ms", 

Ms' = [0, 0, 0, 3, 0] + [l, 0, 0, 1, 0]+[l, 1, 0, 1, 0], dim(M3') = 4512, deg(M3') 
Ms" = [0,0,0,0,2] + [l,0,0,0,0],dim(/x3") = 136,deg(M3") = 10; 

M4 = m' + i-I'a" , 

= [0,1,0,2,0] + [2,0,l,0,0],diin(M4') = 8008, deg(M4') = 10; 
M4" = [0,0,0,l,0] + [l,0,0,0,l],dim(/i4") = 160,deg(M4") = 11; 

M5 = M5' + M5", 

Ms' = [1, 0, 1, 1, 0] + [3, 0, 0, 0, 1], dim(M5') = 11440, deg(M5') = 11; 
Ms" = [0,l,0,0,0],dim(M5") =45,deg(M5") = 12; 
Me = [0, 0, 2, 0, 0] + [2, 0, 0, 1, l] + [4, 0, 0, 0, 0], dim(M6) = 12870, deg(M6) 
M7 = [1, 0, 1, 0, 1] + [3, 0, 0, 1, 0], dim(M7) = 11440, deg(M7) = 13; 
M8 = [0, 1, 0, 0, 2] + [2, 0, 1, 0, 0], dim(M8) = 8008, deg(M8) = 14; 
M9 = [0, 0, 0, 0, 3] + [1, 1, 0, 0, 1], dim(M9) = 4368, dcg(M9) = 15; 
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Mio = [0,2,0,0,0] + [1,0, 0,0,2], dim(/iio) = 1820,deg(/iio) = 16; 
Mil = [0,l,0,0,l],dim(/iii) = 560,deg(/iii) = 17; 
/xi2 = [0, 0, 1, 0, 0], dim(/ii2) = 120, dcg(Mi2) = 18; 
/X13 = [0, 0, 0, 1, 0], dim(/zi3) = 16, deg(Mi3) = 19; 
/xi4 = [0,0,0,0,0],dim(/ii4) = l,deg(/ii4) = 20. 

• D=10+0, n=3 

/xo = [0,l,0,0,0],dim(/io) = 45,deg(Mo) = 8; 
m = [0,0,0,0,l] + [l,0,0,l,0],dim(/ii) = 160,deg(/ii) = 9; 

A«2 = IJ.2' + 1^2", 

1^2' = [0,0,0,2,0] + [1,0, 0,0,0], dim(M2') = 136, deg(/Z2') = 10; 
/i2" = [1,0,0,0, 1],dim(/X2") = 144,deg(/X2") = 11; 
/X3 = [0, 0, 0, 0, 0] + [0, 0, 0, 1, l]+[0, 1, 0, 0, 0]+[2, 0, 0, 0, 0], dim(/i3) = 310, deg(M3) = 12; 
At4 = [0, 0, 0, 0, 1] + [1, 0, 0, 1, 0], dim(M4) = 160, deg(At4) = 13; 
IJ.5 = [0,0,0, 1,0], diin(M5) = 16,deg(/U5) = 15; 
/X6 = [0,0,0,0,0],dim(/i6) = l,deg(M6) = 16. 

• D=10+0, n=4 

fio = [l,0,0,0,0],dim(/io) = 10,deg(/io) = 10; 

A*i = /Ui' + /Ui", 
Ml' = [0,0,0, 1,0], dim(Mi') = 16,deg(Mi') = 11; 
Ml" = [2,0,0,0,0],dim(Mi") = 54,deg(Mi") = 12; 
M2 = [0, 0, 0, 0, 1] + [1, 0, 0, 1, 0], dim(M2) = 160, deg(M2) = 13; 
M3 = [0,0,1,0,0] + [1,0, 0,0,0], dim(M3) = 130,deg(M3) = 14; 
M4 = [0, 0, 0, 0, 0] + [0, 1, 0, 0, 0], dini(M4) = 46, deg(M4) = 16; 
M5 = [0,0,0,0,l],diin(M5) = 16,deg(M5) = 17. 
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D=10+0, n=5 



D=9+l, n=0 



Mo = 


= [O,0,0,0,0],dini(^o) = 


= l,deg(/xo) = 


12; 


Ml = 


[l,0,0,0,0],dim(/xi) = 


10,deg(Mi) = 


: 14: 


M2 = 


[0,0,0, 1,0], dim(/i2) = 


16, deg(M2) = 


: 15: 


M3 = 


[0,0,0,0,l],dim(Ai3) = 


16, deg(y^3) = 


17: 


Hi = 


[l,0,0,0,0],dim(/i4) = 


10, deg(M4) = 


: 18: 


M5 = 


: [0,0,0,0,0],dim(/x5) = 


= l,deg(M5) = 


20. 


Mo 


= [0,0,0,0],dim(/xo) = 


l,deg(Mo) = 


0; 


Ml 


= [l,0,0,0],dim(/ii) = 


9,deg(/ii) = 


2; 



M2 = [0, 0, 1, 0] + [0, 1, 0, 0], dim(/x2) = 120, deg(M2) = 4; 
M3 = [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(/i3) = 576, deg(M3) = 5; 

M4 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 2, 0, 0] + [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 1, 0, 0] + 
+ [2, 0, 0, 0], dim(/X4) = 1830, deg(y^4) = 6; 

M5 = Ms' + Ms", 

M5' = [0, 0, 0, 3]+[0, 1, 0, 1]+[1, 0, 0, 1]+[1, 1, 0, l]+[2, 0, 0, 1], dim(/i5') = 4368, deg(M5') 

M5" = [0,0,0,0],dim(/z5") = l,deg(M5") = 8; 

Ate =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 
+ [2, 0, 1, 0] + [2, 1, 0, 0], dim(/X6) = 8008, deg(At6) = 8; 

M7 =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1] , dim(/i7) = 11440, deg(M7) = 9; 

Us =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3, 0, 0, 0] + [4, 0, 0, 0] , dim(/i8) = 12870, deg(M8) = 10; 
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=[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2,0,0,1] + [3,0,0, l],dim(/i9) = 11440, deg(M9) = 11; 

Mio =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 

+ [2, 0, 1, 0] + [2, 1,0, 0], dim(^io) = 8008, dcg(/iio) = 12; 
Mil = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1]+[1, 1, 0, l] + [2, 0, 0, 1], dim(/zii) = 4368, deg(/xii) 

Mi2 = [0,0,0,2]+[0,2,0,0] + [l,0,0,2]+[l,l,0,0] + [2,0,0,0],dim(/ii2) = 1820, deg(Mi2) 
/ii3 = [0, 1, 0, 1] + [1, 0, 0, 1], dim(Mi3) = 560, degi^s) = 15; 
Mi4 = [0, 0, 1, 0] + [0, 1, 0, 0], dim(/xi4) = 120, deg(Mi4) = 16; 
Mi5 = [0,0,0, l],dini(jui5) = 16,deg(/ii5) = 17; 
Mi6 = [0,0,0,0],dini(/ii6) = l,deg(;Ui6) = 18- 

• D=9+l, n=l 

MO = [0, 0, 1, 0], dim(/io) = 84, deg(Mo) = 4; 

Ml = [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(Mi) = 576, deg(Mi) = 5; 
M2 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 1, 0, 0] + [0, 2, 0, 0] + [1, 0, 0, 0] + 
+ [1, 0, 0, 2] + [1,1, 0, 0] + [2, 0, 0, 0], dim(M2) = 1950, deg(M2) = 6; 

M3 =[0, 0, 0, 1] + [0, 0, 0, 3] + [0, 1, 0, 1] + 2 X [1, 0, 0, 1] + [1, 1, 0, 1] + [2, 0, 0, 1], 
dim(M3) = 4512,deg(M3) = 7; 

M4 = M4' + M4", 

M4' =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 
+ [2, 0, 0, 0] + [2, 0, 1, 0] + [2, 1, 0, 0], dim(M4') = 8052, deg(M4') = 8; 
M4" = [0, 0, 0, 1], dini(M4") = 16, deg(M4") = 9; 

= Ms' + M5", 

Ms' =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1,0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1]+ 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(M5') = 11440, dcg(M5') = 9; 
Ms" = [l,0,0,0],dim(Ms") = 9,deg(Ms") = 10; 
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=[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3, 0, 0, 0] + [4, 0, 0, 0] , dim(At6) = 12870, deg(Ai6) = 10; 

=[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(/i7) = 11440, deg(/X7) = 11; 

Ms =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 

+ [2, 0, 1, 0] + [2, 1, 0, 0], dini(/Z8) = 8008, degl/ig) = 12; 
Atg = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 1, 0, l] + [2, 0, 0, 1], dim(M9) = 4368, dcg(M9) = 13; 

Uto = [0,0,0,2] + [0,2,0,0] + [l,0,0,2]+[l,l,0,0] + [2,0,0,0],dim(/iio) = 1820, deg(Mio) = 

Mil = +[0, 1, 0, 1] + [1, 0, 0, 1], dim(Mii) = 560, deg(Mii) = 15; 

Mi2 = [0, 0, 1, 0] + [0, 1, 0, 0], dini(Mi2) = 120, deg(Mi2) = 16; 

Mi3 = [0,0,0, l],dim(Mi3) = 16,deg(Mi3) = 17; 

Mi4 = [0,0,0,0],dim(Mi4) = l,deg(Mi4) = 18. 

D=9+l, n=2 

Mo = [0, 1, 0, 0], dim(Mo) = 36, deg(Mo) = 6; 

Ml = [0, 0, 0, 1] + [1, 0, 0, 1], diin(Mi) = 144, deg(Mi) = 7; 
M2 = [0, 0, 0, 0]+[0, 0, 0, 2]+[l, 0, 0, 0] + [2, 0, 0, 0], dim(M2) = 180, deg(M2) = 8; 
M3 = [0,0,0,0] + [0,0,0,2] + [l,0,0,0] + [2,0,0,0],dim(M3) = 180,deg(M3) = 10; 
M4 = [0,0,0,1] + [1,0, 0,1], diin(M4) = 144,deg(M4) = 11; 
M5 = [0, 1, 0, 0], dim(M5) = 36, deg(M5) = 12. 

D=9+l, 11=3 

Mo = [1, 0, 0, 0], dim(Mo) = 9, deg(Mo) = 8; 
Ml = Ml' + A<i", 
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Ml' = [0,0,0,l],dim(/ii') = 16,deg(/ii') = 9; 
III" = [2,0,0,0],dim(/zi") = 44,deg(Mi") = 10; 
^i2 = [0, 0, 0, 1] + [1, 0, 0, 1], dim(A<2) = 144, deg(/X2) = 11; 
/i3 = [0, 0, 0, 0]+[0, 0, 1, 0]+[0, 1, 0, 0] + [l, 0, 0, 0], dim(/i3) = 130, deg(/X3) = 12; 

At4 = A*4' + A*4", 

/X4' = [0, 0, 0, 1], dini(/i4') = 16, dcg(M4') = 13; 
Hi" = [0, l,0,0],dim(/i4") = 36,deg(M4") = 14; 
/i5 = [0, 0, 0, 1], dim(/x5) = 16, deg(/i5) = 15; 
HQ = [0, 0, 0, 0], dini(/X6) = 1, deg(/i6) = 16. 

D=9+l, n=4 

/xo = [0,0,0,0],dini(/xo) = l,deg(/^o) = 10; 
Ml = [0, 0, 0, 0] + [1, 0, 0, 0], dim(Mi) = 10, deg(Mi) = 12; 

H2 = [0, 0, 0, 1], dim(M2) = 16, deg(M2) = 13; 

Ma = [0,0,0,l],dim(M3) = 16,deg(M3) = 15; 
in = [0, 0, 0, 0] + [1, 0, 0, 0], dim(/x4) = 10, deg(M4) = 16; 

M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 18. 

D=8+2, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [l,0,0,0,0],dim(Mi) = 8,deg(Mi) =2; 

M2 = [0,l,0,0,0],dim(M2) = 56,deg(M2) =4; 

M3 = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dini(M3) = 128, deg(M3) 
M4 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 2, 0, -2] + [1, 0, 0, 0, 0]+ 
+ [2, 0, 0, 0, -2] + [2, 0, 0, 0, 2] , dim(M4) = 150, deg(M4) = 6; 
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Ms' = [1,0, 0, 1, 3] + [1, 0, 1, 0, -3], dim(/i5') = 112, degif,^') = 7; 
Ms" = [0,0,0,0,0],dim(Ai5") = l,deg(/i5") =8; 
/X6 = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dim{ne) = 56, deg(/i6) = 8; 
H7 = [0, 0, 0, 1, -5] + [0, 0, 1, 0, 5], dim(/x7) = 16, deg(/i7) = 9; 
^^s = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6], dim(/X8) = 2, degC/Zg) = 10. 

• D=8+2, n=l 

HO = [0, 1, 0, 0, 0], dim(Mo) = 28, deg(/xo) = 4; 

Ml = [0, 0, 0, 1, -l]+[0, 0, 1, 0, 1] + [1, 0, 0, 1, 1]+[1, 0, 1, 0, -1], dim(Mi) = 128, deg(Mi) = 5: 
M2 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 1, 1, 0] + [0, 0, 2, 0, -2] + 

+ 2 X [l,0,0,0,0] + [2,0,0,0,-2] + [2,0,0,0,2],dim(/x2) = 214,deg(M2) =6; 
A*3 = l^s' + Hi" , 

= [0, 0, 0, 1, l] + [0, 0, 1, 0, -1]+[1, 0, 0, 1, 3] + [l, 0, l, O, -3], dim(M3') = 128, degl^a') = 
Ms" = [0, 0, 0, 0, 0]+[0, 0, 0, 2, 0]+[0, 0, 2, 0, 0]+[2, 0, 0, 0, 0], dim(/i3") = 106, deg(/i3") = 8: 

M4 = M4' + M4", 

M4' = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dini(M4') = 56, deg(M4') = 8; 
M4" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dim(M4") = 128, deg(M4") 

Ms = Ms' + Ms", 

Ms' = [0, 0, 0, 1, -5] + [0, 0,1,0,5], dim(M5') = 16, degCMs') = 9; 

Ms" = [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2] + [l, 0, 0, 0, 0], dim(Ms") = 64, deg(Ms") = 10; 

A*6 = Me' + Me", 

Me' = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6] , dim(M6') = 2, deg(M6') = 10; 

Me" = [0, 0, 0, 1, -3] + [0, 0, 1, 0, 3], dim(M6") = 16, dcg(M6") - 11; 
M7 = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4], diin(M7) = 2, deg(M7) = 12. 



37 



• D=8+2, n=2 

Mo = [1, 0, 0, 0, 0], dini(/xo) = 8, deg(/^o) = 6; 
Ml = Ml' + Mi"5 

Ml' = [0, 0, 0, 1, 1] + [0, 0, 1, 0, -1], dim(/ii') = 16, deg(Mi') = 7; 

Ml" = [2,0,0,0,0],dim(Mi") =35,deg(Mi") = 8; 
M2 = M2' + M2", 
M2' = [0, 0, 0, 0, 0], dim(/i2') = 1, deg(M2') = 8; 
M2" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0,-1], dim(/i2") = 128, deg(M2") = 9; 

M3 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 1, 1, 0] + [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2]+ 
+ 2 X [1, 0, 0, 0, 0], dini(M3) = 130, dcgi/Js) = 10; 

M4 = M4' + M4", 

M4' = [0, 0, 0, 1, -3]+[0, 0, 0, 1, l]+[0, 0, 1, 0, -l]+[0, 0, 1, 0, 3], dim{/ii') = 32, deg(M4') = 11; 
M4" = [0, l,0,0,0],dim(/i4") = 28,deg(M4") = 12; 

M5 = Ms' +M5", 

/X5' = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4] , dim(M5') = 2, deg(M5') = 12; 
Ms" = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M5") = 16, deg(M5") = 13; 
M6 = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dim(M6) = 2, deg(M6) = 14. 

• D=8+2, n=3 

Mo = [0,0,0,0,0],dim(Mo) = l,deg(Mo) =8; 
Ml = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [l, 0, 0, 0, 0], diin(Mi) = 10, deg(Mi) = 10; 
M2 = [0, 0, 0, 1, 1] + [0, 0, 1, 0,-1], dim(M2) = 16, deg(M2) = 11; 
M3 = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M3) = 16, deg(M3) = 13; 

M4 = [0,0,0,0,-2] + [0,0,0,0,2] + [l,0,0,0,0],dim(M4) = 10,deg(M4) = 14; 
M5 = [0,0,0,0,0],dim(M5) = l,deg(M5) = 16. 



38 



• D=7+3, n=0 

Ho = [0, 0, 0, 0], dim(^o) = 1, deg(/xo) = 0; 
Hi = [l, 0, 0, 0], dim(/ii) = 7, deg(/xi) = 2; 
M2 = [0, 1, 0, 0] + [1, 0, 0, 0], dini(/Z2) = 28, deg(/Z2) = 4; 
= + Ms", 
H3' = [0,0,l,l],dim(/i3') = 16,deg(/i3') = 5; 
^is" = [0, 0, 0, 0] + [0, 0, 2, 0] + [2, 0, 0, 0], dim(/x3") = 63, deg{^is") = 6; 

114, = jJ-A + Hi" ■, 

fi4' = [0,0,0,2],dim(/i4') = 3,deg(/X4') = 6; 
Hi" = [0, 0, 1, 1] + [1, 0, 1, 1], dim(/z4") = 112, deg(/Z4") = 7; 
Ms = [0, 0, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2], dim(/z5) = 85, deg(M5) = 8; 
He = [0,0,l,3],dim(/i6) = 32,deg(M6) = 9; 
H7 = [0,0,0,4],dim(/i7) = 5,deg(M7) = 10. 

• D=7+3, n=l 

HO = [1, 0, 0, 0], dim(/xo) = 7, deg(/io) = 4; 

Ml = Ml' + Mi", 
Hi' = [0,0,l,l],dim(/ii') = 16,deg(/ii') = 5; 

Ml" = [2, 0, 0, 0], dim(Mi") = 27, dcg(Mi") = 6; 
M2 = M2' + M2", 
H2' = [0,0,0,2],dim(/X2') = 3,deg(/X2') = 6; 
A^a" = [0, 0, 1, 1] + [1, 0, 1, 1], dini(M2") = 112, dcg(M2") = 7; 
H3 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 2, 0] + [0, 1, 0, 2] + [1, 0, 0, 0] + [1, 0, 0, 2], 
dim(/i3) = 130,deg(/i3) = 8; 



M4 = IJ'i + IJ'i", 

m' = [0, 0, 1, 1] + [0, 0, 1, 3], dim(/i4') = 48, degiin') = 9; 
114" = [0, 1, 0, 0], dini(/^4") = 21, deg(M4") = 10; 

1^5 = lib + IJh", 

115' = [0,0,0,4],dim(/i5') = 5,deg(/i5') = 10; 
/xs" = [0,0, 1, l],dim(/i5") = 16,deg(/i5") = 11; 
/X6 = [0, 0, 0, 2], dini(/X6) = 3, degino) = 12. 

• D=7+3, n=2 

Mo = [0, 0, 0, 0], dim(/io) = 1, deg(/xo) = 6; 
/zi = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/zi) = 10, deg(/zi) = 8; 
IJ.2 = [0,0, l,l],dim(/i2) = 16,deg(/i2) = 9; 
113 = [0, 0, 1, 1], dim(/i3) = 16, deg(/U3) = 11; 

fii = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/i4) = 10, dcg{fii) = 12; 
At5 = [0,0,0,0],dim(/Z5) = l,deg(At5) = 14. 

• D=6+4, n=0 

Mo = [0, 0, 0, 0, 0], dim(/xo) = 1, deg(Mo) = 0; 
Ml = [0,l,0,0,0],dim(Mi) = 6,deg(Mi) =2; 
M2 = [0, 0, 0, 0, 0] + [1, 0, 1, 0, 0], dim(M2) = 16, deg(M2) = 4; 
M3 = [0, 0, 0, 1, l] + [0, 0, 2, 0, 0]+[0, 1, 0, 0, 0]+[2, 0, 0, 0, 0], dim(M3) = 30, deg(M3) = 6; 

M4 = lii + in", 
Hi' = [0, 0, 1, 1, 0] + [1, 0, 0, 0, 1], dim(M4') = 16, deg(M4') = 7; 

M4" = [l,0,l,0,0],dim(M4") = 15,deg(M4") = 8; 
M5 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], dim(M5) = 16, deg(M5) = 9; 
M6 = [0,0,0,l,l],dim(M6) = 4,deg(M6) = 10. 



40 



• D=6+4, n=l 

Ato = [0, 0, 0, 0, 0], dini(/xo) = 1, deg(Ato) = 4; 

Ml = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/xi) = 10, deg(/ii) = 6; 

^i2 = [0,0,l,l,0] + [l,0,0,0,l],dim(Ai2) = 16,dog(M2) =7; 
M3 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], diin(M3) = 16, deg(M3) = 9; 
m = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/i4) = 10, deg(M4) = 10; 
= [0,0,0,0,0],dini(M5) = l,deg(/X5) = 12. 

• D=5+5, n=0 

Mo = [0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [1, 0, 0, 0], dim(Mi) = 5, deg(Mi) = 2; 
M2 = [0, 2, 0, 0], dini(M2) = 10, deg(/X2) = 4; 
M3 = [0,2,0,0],dim(M3) = 10, deg(M3) = 6; 

M4 = [1, 0, 0, 0], dim(M4) = 5, deg(M4) = 8; 
M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 10. 

• D=4+6, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 
Ml = [l,l,0,0,0],dim(Mi) = 4,deg(Mi) =2; 
M2 = [0,2,0,0,0] + [2,0,0,0,0],dim(M2) = 6,deg(M2) =4; 
M3 = [1, 1, 0, 0, 0], dim(M3) = 4, deg(M3) = 6; 
M4 = [0,0,0,0,0],dim(M4) = l,deg(M4) =8. 
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• D=3+7, n=0 

Ho = [0, 0, 0, 0], dim(;tio) = 1, deg(Aio) = 0; 
Hi = [2, 0, 0, 0], dim(/ii) = 3, deg(/xi) = 2; 
H2 = [2, 0, 0, 0], dim(^2) = 3, dcg(^2) = 4; 
/is = [0, 0, 0, 0], diin(/x3) = 1, deg(/U3) = 6. 

• D=2+8, n=0 

Mo = [0,0,0,0,0],dim(/io) = l,deg(Mo) = 0; 
Ml = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dini(Mi) = 2, deg(/zi) = 2; 
/i2 = [0, 0, 0, 0, 0], dim(M2) = 1, deg(M2) = 4. 

• D=l+9, n=0 

Ho = [0,0,0,0],dim(Mo) = l,deg(Mo) = 0; 
Hi = [0, 0, 0, 0], dim(Mi) = 1, deg(/xi) = 2. 

A. 2 Resolution of the cohomology modules of 6D Lie al- 
gebra of supersymmetries 

We now give the structure of Hi as auf-module and its grading in the case of 
six-dimensional Lie algebra of supersymmetries. 

• D=6+0, n=0 

Ho = [0,0,0,0],dim(/io) = l,deg(Mo) = 0; 
Hi = [0, 1, 0, 0], dim(Mi) = 6, dcg(Mi) = 2; 
H2 = [1,0,0, l],dim(M2) = 8,deg(M2) = 3; 
H3 = [0, 0, 0, 2], dim(M3) = 3, deg(M3) = 4. 
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• D=6+0, n=l 

/tio = [1, 0, 0, 1], dim(/^o) = 8, deg(/xo) = 3; 
Ml = [0,0,0,2] + [l,0,l,0],dim(/ii) = 18, deg(Mi) = 4; 
= [0, 0, 2, 0] + [0, 1, 0, 2] + [2, 0, 0, 0], dim(/i2) = 38, deg(/X2) = 6; 
/Z3 = [0, 1, 1, 1] + [1, 0, 0, 1] + [1, 0, 0, 3], dini(M3) = 64, deg(M3) = 7; 
= [0, 0, 0, 0]+[0, 0, 0, 4]+[0, 2, 0, 0] + [l, 0, 1, 2], diin(/x4) = 71, degM = 8; 
fi5 = [0, 0, 1, 3] + [1, 1, 0, 1], dim(/i5) = 56, degifi^) = 9; 
M6 = [0, 1, 0, 2] + [2, 0, 0, 0], dim(/x6) = 28, deg(/Z6) = 10; 
Hr = [1, 0, 0, 1], dini(/X7) = 8, deg(/i7) = 11; 
Ms = [0,0,0,0],dim(M8) = l,deg(M8) = 12. 

• D=6+0, n=2 

Mo = [0, l,0,2],dim(Mo) = 18,deg(Mo) = 6; 
Ml = [0, 1, 1, 1] + [1, 0, 0, 1] + [1,0, 0, 3], dim(Mi) = 64, deg(Mi) = 7; 
M2 = [0, 0, 0, 0]+[0, 0, 0, 2] + [0, 0, 0, 4] + [0, 2, 0, 0] + [l, 0, 1, 0]+[l, 0, 1, 2], dim(M2) = 89, deg(M2) = 8; 
Ms = [0, 0, 1, 1] + [0, 0, 1, 3] + [1, 1, 0, 1], dim(M3) = 64, deg(M3) = 9; 
M4 = [0, 1, 0, 2] + [2, 0, 0, 0] , dim(M4) = 28, deg(M4') = 10; 
M5 = [1, 0, 0, 1], dim(M5) = 8, deg(M5) = H; 
M6 = [0,0,0,0],dim(M6) = l,deg(M6) = 12. 

• D=6+0, n=3 



Mo 


= [0,0,0,2],diin(Mo) 


= 3,deg(Mo) = 8; 


Ml 


= [0,0,l,l],dim(Mi) 


= 8,deg(Mi) = 9; 


M2 


= [0,l,0,0],dim(M2) 


= 6, deg(M2) = 10; 


M3 ^ 


= [0,0,0,0],dim(M3) 


= l,deg(M3) = 12. 
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A. 3 Resolution of the cohomology modules of 5D Lie al- 
gebra of supersymmetries 

We now give the structure of /Uj as aut-modu\e and its grading in the case of 
five-dimensional Lie algebra of supersymmetries. 

• D=5+0, n=0 

IJ.0 = [0, 0, 0], dim(/xo) = 1, deg(/xo) = 0; 

/ii = [l,0,0],dim(/ii) = 5,deg(/ii) = 2; 
H2 = [0, 2, 0] + [1, 0, 2], dim(/X2) = 25, deg(/X2) = 4; 
M3 = [0, 1, 1] + [0, 1, 3] + [1, 1, 1], dim(/x3) = 56, deg(M3) = 5; 
M4 = [0, 0, 0] + [0, 0, 4]+[0, 2, 2] + [l, 0, 0]+[l, 0, 2]+[2, 0, 0], dim(/i4) = 70, deg{fii') = 6; 
/X5 = [0,l,l] + [0,l,3] + [l,l,l],dim(/i5) =56,deg(M5) = 7; 
He = [0, 0, 2] + [0, 2, 0] + [1, 0, 2], dim(^6) = 28, deg{ne) = 8; 
/«7 = [0, 1, 1], dim(/i7) = 8, deg(/i7) = 9; 
IJ.S = [0,0,0],dim(/i8) = l,deg(/i8) = 10. 

• D=5+0, n=l 

Ho = [1, 0, 2], dim(/Lio) = 15, deg(/io) = 4; 

Ml = [0,l,l] + [0,l,3] + [l,l,l],dim(/ii) =56,deg(/ii) =5; 
M2 = [0, 0, 0] + [0, 0, 2]+[0, 0, 4] + [0, 2, 0]+[0, 2, 2]+[l, 0, 0]+[l, 0, 2]+[2, 0, 0], dim(/x2) = 83, deg(M2) = 6; 
113 = 2 X [0, 1, 1] + [0, 1, 3] + [1, 1, 1], dim(/Z3) = 64, deg(/X3) = 7; 
= [0, 0, 0] + [0, 0, 2] + [0, 2, 0] + [1, 0, 2], dim(/i4) = 29, deg(/i4') = 8; 
IJ.5 = [0, 1, 1], dim((U5) = 8, deg((U5) = 9; 
He = [0,0,0],dim(/i6) = l,deg(/U6) = 10. 
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• D=5+0, n=2 

/zo = [0, 0, 2], dim(/xo) = 3, deg(/xo) = 6; 
m = [0, 1, 1], diin(/zi) = 8, deg(/xi) = 7; 
/i2 = [0,0,0] + [I,0,0],dim(/X2) = 6,deg(/X2) = 8; 
/X3 = [0,0,0],dim(/x3) = l,deg(/i3) = 10. 

A. 4 Resolution of the cohomology modules of 4D Lie al- 
gebra of supersymmetries 

We now give the structure of fii as awi-module and its grading in the case of 
four-dimensional Lie algebra of supersymmetries. 

• D=4+0, n=0 

Ho = [O,0],dim(/io) = l,deg(/io) = 0; 
Ml = [1, 1], dim(Mi) = 4, deg(/xi) = 2; 
/X2 = [0, 1] + [1, 0], dim(/i2) = 4, deg(M2) = 3; 
/(Xa = [0,0],dim(/X3) = l,deg(/X3) = 4. 

• D=4+0, n=l 

Aio = [0, 1] + [l,0],dim(/io) = 15,deg(/zo) = 4; 
Hi = [0, 0] + [0, 2] + [2, 0], dim(/xi) = 56, deg(Mi) = 5; 
H2 = 2x [0,0] + [1, l],dim(/i2) = 83,deg(M2) = 6; 
H3 = [0, 1] + [l,0],dim(/i3) = 64,deg(M3) = 7; 

^4 = [0,0],dim(/i4) = 29,deg(/Z4') = 8. 

• D=4+0, n=2 

HQ = 2x [0, 0], dim(/io) = 3, deg(/xo) = 6; 

A<i = [0,1] + [l,0],dim(/ii) = 8,dcg(^i) = 7; 
/X2 = 2 X [0,0],dim(/z2) = 6,deg(/U2) = 8. 
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B Computer calculations 

We will describe here the computer programs used in the calculations 



1. We calculate the differential d : V ^ S (S^ S (Eq. [5]) using Gamma [TB]. 

2. We use Macaulay2 [TU] to calculate the Poincare (Hilbert) series Pn{T) = 
J2k dim" MfcT'^ of i?-module "Af = J2k Here R = C[t\ • • • , r , • • • ] = 
J2m Sym'"^'. We calculate generators of this module and generators of free 
resolution 

j> "M, ^ > "Afi ^ "Mo ^ "M ^ 

where "M^ = "^^ R. 
Input: 

Coefficients F™^ in the differential, the number of Greek indices (dim 5'), 
the number of Roman indices (dim V) . 

Output: 

Poincare (Hilbert) series, 

number of generators of "M and the number of them, 
number of generators of "/x^ having given degree. 

3. Using LiE, we decompose Sym'"S' ® a''V into irreducible representation 
of Aut. Applying principle of maximal propagation and resolving the 
ambiguities from the information about Poincare series we obtain decom- 
position of cohomology into irreducible representation for fc > 20. 

4. We make a conjecture of the decomposition of ij'^'" into irreducible repre- 
sentation for arbitrary k using the information from the step [3l We prove 
that our conjecture gives the right Poincare series using Weyl dimension 
formula^ 

*The detailed codes are provided here; |http : //lif shitz . ucdavls ■ edu/- rxu/code/cohom/ 1 

^The Mathematica code for lOD case is provided here: 

|http : //lif shitz .ucdavis ■ edu/-rxu/code/cohom/dimlOdredux.nb| 
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5. We make a conjecture about cohomology generators using the information 
about their numbers and dimension from Macaulay2 |10j and the infor- 
mation from the steps |3] and 01 We prove that our formulas give cocycles 
using Gamma |16) . 

6. We use the formula Eg. I109l to get the decomposition of generators of free 
resolution into irreducible representation. 
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1 Introduction 



In the present paper we will analyze homology and cohomology groups of the 
super Lie algebras of supersymmetries and of super Poincare Lie algebras. We 
came to this problem from studying supersymmetric deformations of maximally 
supersymmetric gauge theories 1151 : however, this problem arises also in dif- 
ferent situations, in particular, in supergravity 2 . In low dimensions it was 
studied in [5 . The cohomology of supersymmetry Lie algebras appeared in the 
analysis of supersymmetric invariants in [4 (it was denoted there by the symbol 
Some of the cohomology groups calculated below appear also in pure 
spinor formalism of ten-dimensional supersymmetric gauge theory in [3^. The 
present paper does not contain physical applications of our results, however, it 
is clear that these results should be useful in physics. In particular, combining 
them with considerations of [4] one can analyze the structure of supersymmet- 
ric invariants in situations that were not considered in 0]. Using the results 
of present paper in combination with ideas of ^15 one can construct super- 
symmetric deformations of ten-dimensional super Yang-Mills theory reduced to 
dimension d < 10. 

Some of the results of the present paper were derived by more elementary 
methods in our previous paper [TBj . 

Let us recall the definition of Lie algebra cohomology (see ^ for more detail). 
We start with a super Lie algebra Q with generators ca and structure constants 
Iab- We introduce ghost variables with parity opposite to the parity of gen- 
erators BA and consider the algebra E of polynomial functions of these variables. 
(In a more invariant way we can say that E consists of polynomial functions on 
linear superspace HQ ). The algebra E is graded by the degree of polynomial. 
We define a derivation d on £' by the formula d = ^f^gC^C^ ■ 

This operator is a differential (i.e. it changes the parity and obeys (P — 0.) 
We define the cohomology of G using this differential: 

H*{g) = Kerd/Imd. 
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The definition of homology of Q is dual to the definition of cohomology: instead 
of E we consider its dual space E* that can be considered as the space of 
functions of dual ghost variables Ca', the differential d on E* is defined as an 
operator adjoint to d. The homology H,{Q) is dual to the cohomology H'{Q). 
We will work with cohomology, but our results can be interpreted in the language 
of homology. 

Notice that we can multiply cohomology classes, i.e. H*{Q) is an algebra. 

The group Aut{Q) of automorphisms of Q acts on E and commutes with 
the differential, therefore it acts also on homology and cohomology. We will be 
interested in this action. In other words we calculate cohomology as a repre- 
sentation of this group or as a representation of its Lie algebra aut{Q) (as an 
aut[Q)-mo(h\\e). For every graded module E we can define its Euler character- 
istic x(i?) as a virtual module '^^{—lYEk (as an alternating sum of its graded 
components in the sense of K-theory). The Euler characteristic of a graded 
differential module coincides with the Euler characteristic of its homology. This 
allows us to calculate the Euler characteristic of Lie algebra cohomology as a 
virtual representation (virtual aui(t?)-module) . Q If the cohomology does not 
vanish only in one degree the Euler characteristic gives a complete answer for 
cohomology. 

The super Lie algebra of supersymmetries has odd generators and even 
generators Pm ; the only non-trivial commutation relation is 

[e„,e^]+ =C^P„. 

The coefficients in this relation are expressed in terms of Dirac Gamma matrices 
(see e.g. |6j for mathematical introduction), [ffphe space E used in the definition 

^Instead of virtual modules we can talk about virtual representations of Aut{Q) (elements 

of the representation ring). If the group Aut{Q) is compact the representation ring can be 

identified with the ring of characters. 

^ This remark simplifies some of our calculations of cohomology of dimensional reductions 

of supersymmetry Lie algebra in dimensions 10 and 11. The most essential application of the 

Euler characteristic in our paper appears in the calculation of cohomology of ten-dimensional 

reduction of eleven-dimensional supersymmetry Lie algebra. 

''The number of even generators is equal to the dimension of vector representation V of 
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of cohomology (cochain complex) consists here of polynomial functions of even 
ghost variables and odd ghost variables c™; the differential has the form 



d = ir".rt'5-^. (2) 



The space E is double-graded (one can consider the degree with respect to t" 
and the degree with respect to c™). In more invariant form we can say that|f| 

E = QSym^S-® A"y 

and Gamma-matrices specify an intertwiner V — )■ Sym^S*. The differential d 
maps Sym'^S" ® K^V into Sym^+^S" ® A""iy. The above description can be 
applied to any dimension and to any signature of the metric used in the definition 
of orthogonal group, however, the choice of the representation 5* is dimension- 
dependent. The group S0(7i) can be considered as a (subgroup) of the group 
of automorphisms of the supersymmetry Lie algebra and therefore it acts on its 
cohomology . The action of SO(n) is two- valued, hence it would be more precise 
to talk about action of its two-sheeted covering Spin(?i) or about action of its 
Lie algebra so{n). We will work with complex representations and complex Lie 
algebras; this does not change the cohomology 

We will consider also homology and cohomology of the reduced Lie alge- 
bra of supersymmetries (or more precisely the Lie algebra of supersymmetries 
in dimension n reduced to the dimension d). This algebra has the same odd 



the orthogonal group (to the dimension of space-time ) . The number of odd generators is the 
dimension of such a representation S of the orthogonal group that there exists an intertwiner 
V Sym^S. 

■^We use the notation Sym™ for symmetric tensor power and the notation A" for exterior 
power 

^Recall that the orthogonal group SO(2n) has two irreducible two- valued complex rep- 
resentations called semi-spin representations (left spinors and right spinors), the orthogonal 
group SO(2n + 1) has one irreducible two-valued complex spin representation. One says that 
a complex representation is spinorial if it can be represented as a sum of spin or semi-spin 
representations . A real representation is spinorial if it becomes spinorial after extension of 
scalars to C . (We follow the terminology of [S].) The representation S is spinorial. (See 
Section 6 for more detail about the representation S.) 
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generators as the Lie algebra of supersymmetries in dimension n, but only 
d < dimV^ even generators Pi,...,Pd', the commutation relations are the same 
as in unreduced algebra. In this case the cohomology is a representation of 
Spin(rf) X Spin(n - d). 

The double grading on E induces a double grading on cohomology. How- 
ever, instead of the degrees m and n it is more convenient to use the degrees 
k = jn + 2n and n because the differential preserves k and therefore the prob- 
lem of calculation of cohomology can be solved for every k separately. It is 
important to notice that the differential commutes with multiplication by a 
polynomial in t", therefore the cohomology is a module over the polynomial 
ring C[t^, ...]. (Moreover, it is an algebra over this ring.) The cohomology 

is infinite-dimensional as a vector space, but it has a finite number of generators 
as a C[i^, ...]-module (this follows from the fact that the polynomial ring 

is noetherian). One of the problems we would like to solve is the description 
of these generators. If cohomology classes of cocycles zi,...,zn generate the 
cohomology then every cohomology class can be represented by a cocycle of the 
form pizi + ... + pnzn where pi, ...,pn belong to C[t^, i", ...]. 

Notice that the cohomology of the Lie algebra of supersymmetries can be 
interpreted as the homology of the Koszul complex corresponding to a se- 
quence of functions /™(i) = ^r^^i"^'^. This allows us to use software [ID] to 
calculate the dimensions of cohomology groups. However, we are interested in 
a more complicated problem- in the description of the decomposition of coho- 
mology groups into a direct sum of irreducible representations of the group of 
automorphisms Aut or its Lie algebra aut. For small dimensions we use |8j for 
such calculations. 

The paper is organized as follows. We start with the description of coho- 
mology of the Lie algebra of supersymmetries in dimension 10 (Secj^]) and in 
dimension 11 (Secj^]). In the next sections we describe cohomology of dimen- 
sional reductions of the ten-dimensional algebra of supersymmetries (SecH]) and 

^To define the homology of the Koszul complex corresponding to a sequence of functions 
f^{t), f"{t) one considers the differential d = (t) where are odd variables. 
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of the eleven-dimensional supersymmetries (SecjE]). Section [5] contains the re- 
sults about Lie algebras of supersymmetries in dimensions < 9. Section [7] is 
devoted to the explanation of methods we are using. Section [5] is devoted to 
cohomology of the super Poincare Lie algebra. The paper contains two appen- 
dices that will be omitted in the printed version. In Appendix A we describe 
the decomposition of the free resolution into a direct sum of representations of 
the automorphism group. Appendix B gives more detail about our calculations. 
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2 D=10 

We will start with the ten-dimensional case; in this case the spinorial represen- 
tation in the definition of the Lie algebra of supersymmetries should be con- 
sidered as one of two irreducible 16-dimensional representations of Spin(lO) (in 
Minkowski space the spinors are Majorana-Weyl spinors). The Lie algebra of 
automorphisms aut is so (10). 

We will describe representations of the Lie algebra so(lO) in the cohomology 
of the Lie algebra of supersymmetries in ten dimensions. As usual the repre- 
sentations are labeled by coordinates of their highest weight (see e.g. p5] for 
details). The vector representation V has the highest weight [1,0,0,0,0], the 
irreducible spinor representations have highest weights [0, 0, 0, 0, 1],[0, 0, 0, 1, 0]; 
we assume that the highest weight of S is [0, 0, 0, 0, 1]. The description of the 
graded component of the cohomology group with gradings k = m, + 2n and n is 
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given by the formulas for iJ*^'" (for n > 6, ij'^'" vanishes) 





[0,0,0,0,fc] 




jjKl = 


[0, 0,0,1, fc - 


3] 




[0, 0,1,0, fc - 


6] 




[0, 1,0,0, fc - 


8] 


jjkA ^ 


[1, 0,0,0, fc - 


10] 


^k,5 ^ 


[0, 0,0,0, fc- 


12] 



(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

The only special case is when fc = 4, there is one additional term, a scalar, for 

i?"'! = [0,0,0,0,0]© [0,0,0,1,1] (9) 

The SO(10)-invariant part is in i/"'", H^^-^, and R-^-K 

The dimensions of these cohomology groups are encoded in series Pn{T) = 
dim_ff'^'"r'^ (Poincare series) that can be calculated by means of |10) : 



Pi{t 

P2{t 

P3[t 
P4{t 
P^ir 



+ + 5r + 1 



(1-r)" ' 

(16r^ + aSr"* - + 55r^ - 165t^ + 330r^ - 462t^ + 462t^" 
-330t" + 165t12 _ 55t13 + llr^^ - t^'')/{1 - r)", 
(120t^ - 120t^ + 330t8 - 462t9 + 462t1" - 330t" 

ri^)/(l-r)". 



(10) 
(11) 



45r8 + 65r9 + llri" - 
lOrio + 34t" + 16t12 



(12) 
(13) 

(14) 
(15) 



(l-r)ii 

The cohomology regarded as a C[t^, i", ...]-module is generated by the 



7 



scalar considered as an element of H'^-^ and by 

Here [a] denotes the cohomological class of cocycle a. 

The GAMMA package |i7j was used to verify that the expressions above are 
cocycles . 



3 D=ll 

Now we consider the eleven-dimensional case; in this case the spinorial represen- 
tation in the definition of supersymmetry Lie algebra should be considered as 
one irreducible 32-dimensional spinor representation of Spin(ll) (Dirac spinors). 
As usual we work with complex representations and complex Lie algebras. 

We will describe representations of Aut{Q) — so(ll) in the the cohomol- 
ogy of the Lie algebra of supersymmetries. As usual the representations are 
labeled by their highest weight. The vector representation V has the highest 
weight [1,0,0,0,0], the irreducible spinor representations have highest weights 
[0,0,0,0,1]. The description of graded component of cohomology group with 
gradings k = m + 2n and n is given by the formulas for iJ*^-" (for n > 3, H'''" 
vanishes) 

[fc/2] 

H'=.o = ® [0,i,0,0,/c- 2i] (16) 

i=0 

[(fe-4)/2] 

H'''^ = ® [l,i,0,0,fc-4-2i] (17) 

i=0 
[(fe-6)/2] 

H'''^ = © [0,i,0,0,fc-6-2i] (18) 
The SO(ll)-invariant part is in i/O-" and iJ^-^. 
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The dimensions of these cohomology groups are encoded in Poincare series: 



Po(r) = A{t) (19) 
r4(ll + 67r + 142r2 + U2t^ + &7t^ + llr^^ 

P2(r) = A(r)r6 (21) 



Pi(r) = ' — - ^ (20) 



where 

, 1 + 9t + 34r2 + 66t3 + 66t4 + 34r'5 + 9r6 + 
^(^) = (22) 

The cohomology regarded as C[i^, i", ...]-module is generated by the scalar 
considered as an element of and 



4 Dimensional reduction from L> = 10 

Let us consider dimensional reductions of the ten-dimensional Lie algebra of su- 
persymmetries. The reduction of sv.sX)iq to r dimensions has 16 odd generators 
(supersymmetries) and r even generators (here < ?' < 10). The correspond- 
ing differential has the form ([2|) where F™^ are ten-dimensional Dirac matrices, 
Greek indices take 16 values as in the unreduced case, but Roman indices take 
only d values. The differential commutes with the (two- valued) action of the 
group SO(r) xSO(10— r), therefore this group acts on cohomology. The cohomol- 
ogy can be regarded as a module over C[f^, t^^]. Again cohomology is double 
graded; we use notation H^'"^ for the component having degree m = k — 2n with 
respect to t and the degree n with respect to c. The symbol P„ (t) stands for the 
generating hmction Pn{T) — dim_ff'^'"r'^ (for Poincare series). We calculate 
the cohomology as a representation of the Lie algebra so{r) x so(10 — r) and de- 
scribe elements that generate it as a C[i^, t^^]— module. (We characterize the 
representation by writing Dynkin labels of the first factor, then Dynkin labels 
of second factor.) 
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JJkfi ^ 


[0,0,0,fc],fc 7^ 2 




[0,0,l,fc-4] 


jjk,2 ^ 


[0,l,0,fc-6] 


jjk,3 ^ 


[l,0,0,fc-8] 


jjk,4 ^ 


[0,0,0,fc- 10] 



(23) 
(24) 
(25) 
(26) 
(27) 



when k = 2, 



ff^.o = [0, 0, 0, 0] © [0, 0, 0, 2] (28) 

Groups H'''"- with n > 5 vanish. The S0(9)-invariant part is in H^''^, 
and if2,o 

Generators 
Poincare series 

Po(r) = (r^^ - 11t12 _^55t" - 165ri° + 330r9 -462t« + 462r^ 

-330t^ + 165r^ - 55t^ + lOr^ - Qt^ - 5r - l)/(-l + r)"(29) 
Pi (r) = (84r^ - 156r^ + 330t^ - 462r^ + 462t^ - 330r^ 



+ 165r^° - 55r" + llr^^ - t^^)/{1 - r)", (30) 
36t6 + 36t^ 
(1^ 



^2(t) = , (31) 



9r« + 29r^ + llr^°-r^^ 

- ' (32) 

n(T) - (F^Tp (^^^ 
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• r = 8,fc > 0, 



k-1 [k/2] 

® [0,0,k-i,i,k-2i] © \0,0,k - 2i,0,k] 

i=l i=0 
[k/2] 

e [0,0,0,k-2i,-k], 

i=0 

k-i 



i=0 
k-6 



[0, l,A;-4-i,i,fc-4-2i], 



e [l,0,k-6-i,i,k-6-2i], 

i=0 



k-8. 



i=0 



[0,0,k-8-i,i,k-8-2i] 



(34) 
(35) 
(36) 
(37) 



Groups i?*^'" with n > 4 vanish. The S0(8) x S0(2)-invariant part is in 
H°'°, and 



Generators: 



Poincare series 



• r = 7, 



^o(r) = 
Pi(r) = 
P2(r) = 



2r' - + 5r3 - 7r2 - 5t - 1 
(-1 + t)ii ' 
28t^ + 12r5 - + 2r^ 

8t^ + 24r^ + - 2r^ 
(l-r)ii 



[/s/2] [fe/2] 

e [0,i,fc - 2i,fc - 2i] ® [0,0,A;-2i,/;;] 

z— 1 i— 

[(fc-4)/2] 

® l,i,A;-4-2i,A;-4-2i 

i=0 
[(/s-6)/2] 

® [0,i,A;-6-2i,fc-6-2il 

j=0 



(38) 
(39) 
(40) 
(41) 

(42) 
(43) 
(44) 
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Groups H'''"' with n > 3 vanish. The S0(7) x S0(3)-invariant part is in 
ifO'O and if6,2_ 



Generators: 



Poincare series 



Po{r) = (TTTTyr^ ' ^^^^ 



= lui ' (46) 



= (T^Tyn (47) 



• r = 6, 



if'^'^ = e e [j,i,k-j-2i,j,k-j-2i] 

i=0 j=0 
fe-1 i-1 

e e [j,0,k-2i + j,i,k-i] (48) 

i=l j=max{0,2i — fc} 
u 1 [(fe-4)/2] fe-4-2i 

H>''^ = e e [i,i,fc-4-i-2i,i,fc-4-i-2i] (49) 

1=0 j=0 

Groups with n > 2 vanish. The S0(6) x S0(4)-invariant part is in 

ijO'O, and ff*'^ 



Generators: 



Poincare series 



[et^CmK^] e H^'^ (50) 



4T5+4r4-5r3-9r2-5r-l 
^o(r) = . (51) 



+ or' + 5r'' + r"^ 



^i(^) = IT^Tyn (52) 



• r = 5, 



■ n [fe/2]i-l [fe/2][(fc-2i)/2] 

if'^'O = © © [7-,A:-2i,i,fc-2i] © © [i,fc-2i-2j,i,A;-2i-2j] (53) 

i=l j=0 i=0 j=0 
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Groups H^''^ with n > 1 vanish. The S0(5) x S0(5)-invariant part lies in 
where k is even. 



Poincare series 



r = 4, 



Po{r) = (54) 



, ^ [fc/2] k-2i 

33 (i + i) X [j,fc-2i-j,i,i,fc-2i-i] (55) 

where the coefficient [i + 1) is the multiphcity. Groups H^'"^ with n > 1 
vanish. The SO (4) x S0(6)-invariant part is in 

Poincare series 

= ^ZTp (56) 

r = 3, 

1. n ['=/21 i 

FM= [/c_2i,j,i- j,fc-2i] (57) 

i=0 j=0 

Groups with n > 1 vanish. The S0(3) x S0(7)-invariant part is in 

Poincare series 

Poir) = (58) 

r = 2, 

Q [2,0,fc-2i- j,j,fc-2i-2j] (59) 

i=0 j=0 

Groups iJ*'" with n > 1 vanish. The SO (2) x S0(8)-invariant part is in 
Poincare series 

Po{r) = (60) 

r = l, 

[fe/2] 

if'^.o = © [i,0,0,k-2i] (61) 

i=0 

Groups ij'^'" with n > 1 vanish. The S0(1) x S0(9)-invariant part is in 
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Poincare series 



For r < 5, the cohomology is generated by the scalar 1. 

5 Dimensional reduction from D = 11 

Let us consider dimensional reductions of the eleven-dimensional Lie algebra of 
supersymmetries. The reduction oisusxjn to r dimensions has 32 odd generators 
(supersymmetries) and r even generators (here < r < 11). The corresponding 
differential has the form ([2]) where F™^ are eleven-dimensional Dirac matrices, 
Greek indices take 32 values as in unreduced case, but Roman indices take only 
d values. The differential commutes with action of the group SO(r) x S0(11 — r), 
therefore this group acts on cohomology. The cohomology can be regarded as a 
module over C[t^ , ...,t^^]. Again cohomology is double graded; we use notation 
jjk,n jtqj, ^Yie component having degree m — k ~ 2n with respect to t and the 
degree n with respect to c. The symbol P„ (r) stands for the generating function 
Pn{T) — dim i/'^^"r'' (for Poincare series). We calculate the cohomology as 
a representation of the Lie algebra so(r) x so (11 — r) and describe elements that 
generate it as a C[i^, t'^^]— module. 

Let us start with calculation of Euler characteristic x{H'^) of cohomology 
H'^ — J2n H^'^- By general theorems this is a virtual so(r) x so(ll — r)-module 




(63) 



n 



where S and V are considered as so(r) x so(ll — r)-modules. 
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Cohomology for r = 10 are given by the formula 

[fc/2] k-2t [^^^] 

= ® © © [0,i,0,j,fc-2i-7-2/] 

i=0 i=0 i=0,i7^2 
[fc/2] [-^^l k-2i-2j 

© © © [i, j,0,Z,fc - 2i - 2j - /] 

1=1 j=0 1=0 
[t^] fe-4-2i 

© © [0,i,0,j,k-4-2i-j], (64) 

= © © ''"© ^'[j, i - J, 0, - 4 - 2i - Z] (65) 

(66) 

Groups H'^'^ with rt > 2 vanish. The SO(10)-invariant part is in H°-^ and H^-^ . 
Generators 

Poincare series 



^oW - Iy^^+^'^W' (68) 
Pi(r) = t^A{t) (69) 



where A(r) is the Poincare series given by Eq. [22] 

For r < 9 the groups H^'" with n > 1 vanish hence the Euler characteristic 

gives a complete description of cohomology. 
Poincare series 

Poir) - ^^^Z^ (70) 

To find the so(r) x so(ll — r)- invariant part of H'^''^ it is sufficient to solve 
this problem for the Euler characteristic. The conjectural answers (obtained by 
means of computations for k < 19) are listed below. 

r = l, 

[0,0,0,0,0] e iJ^'^'O (71) 

r-2, 

([/fc/2] + 1) X [0,0,0,0,0] eiJ^/^^o (72) 
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r = 4, 



r = 5, 



r = 6, 



r = 9, 



(fc + 1) X [0,0,0,0,0] e (73) 



(fc + lKfc + 2) ^ ^ ^4,^0 ^^^^ 



([fc/21 + l)([fc/2l + 2)([fc/2l + 3) , , 2kn 

^^-^ ^^^^-^ '-^^^-^ ^ X [0,0,0,0,0] e ir^'''° (75) 

([fc/2] + l)([fc/2] + 2) 



X 



[0,0,0,0,0] e (76) 



(fc + 1) X [0,0,0,0,0] Gi7^'''° (77) 
(2fc + l) X [0,0,0,0,0] e ^2^='° (78) 

2 X [0,0,0,0,0] e (79) 
[0,0,0,0,0] e i/^'^+^'O (80) 

where i x [a, b, c, d, e] denotes the representation [a, 6, c, d, e] with multiphcity i 
and [a] stands for the integer part of a. 



6 Other dimensions 

In this section we consider in detail cohomofogy of the Lie algebra of super- 
symmetries in dimensions < 10. Let us begin with some general discussion of 
supersymmetries in various dimensions (see [6] and [14j for more detail). 

We will work with complex Lie algebras. Let us start with the description 
of the symmetric intertwiners T : S* (E) S* V used in the construction of the 
supersymmetry Lie algebra in various dimensions (notice that in the construc- 
tion of differential we use dual intertwiners). Recall that in even dimensions we 
have two irreducible spinorial representations S; and s^, in odd dimensions we 
have one irreducible spinorial representation s. 
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dim V = 8n 

In this case we have intertwiners ji : Si <Si Sr ^ V and 7^. : (S) — *• V. 

S^S*=Si+Sr, T=-fi+jr, dim5 = 16". 
Automorphism Lie algebra aut = so(8n) x so (2). 
dim V = 8n+l 

In this case we have one symmetric intertwiner 7 : 5 (g) s — >■ V. 

S = S*=5, r = 7, dim5 = 16". 

Automorphism Lie algebra aut = so{8n +1). 
dim y = 8n + 2 

In this case we have symmetric intertwiners 7; : S; ® S; — > y and 7^ 

There are two possible choices of S : 

S = Sr, S* =si,r = ji; S = si, S* =Sr,r = jr, dim S = 16". 
Automorphism Lie algebra aut = so(8n + 2). 
dimy = 8n + 3 

In this case we have one symmetric intertwiner 7 : s (8> s — >■ 

S = S*=s, r = 7, dim5 = 2xl6". 
Automorphism Lie algebra aut = so(8n + 3). 
dimy = 8n + 4 

In this case we have intertwiners 7; : S; Sr F and 7^ : Sr S( ^ V. 

S^S* =si+Sr, r = 7i+7^, dim5 = 4xl6". 
Automorphism Lie algebra aut = 50 (8n + 4) x so (2). 
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• dim V = 8n + 5 

The intertwiner j : s^s is antisymmetric. 

5 ^ 5* = 5 (g) W, r = 7 (g) dim £• = 8 X 16" . 

Here and later W stand for two-dimensional linear space with a symplectic 
form Lv. Automorphism Lie algebra aut = so{8n + 5) x sl(2). 

• dim V = 8n + 6 

In this case we have antisymmetric intertwiners 7; : s; (g) s; — > F and 
7r : Sr <8' Sr — > V. There are two possible choices of S : 

5* = s; (g) VT, r = 7; (g> w; S* =Sr^W,r = jr®oj, dim 5 = 8 x 16". 

Automorphism Lie algebra aut = so{8n + 6) x sl{2). 

• dim V = 8n + 7 

The intertwiner 7 : s (g s — > F is antisymmetric. 

5 = 5* = 5 (g) W, r = 7 (g) w, dim 5 = 16 x 16". 

Automorphism Lie algebra aut = so{8n + 7) x sl(2). 

One can consider also AT-extended supersymmetry Lie algebra. This means 
that we should start with a reducible spinorial representation Sat (direct sum of 
N copies of the spinorial representation S). Taking TV copies of the intertwiner 
V — > Sym^5 we obtain an intertwiner V — >■ Sym^S'Ar. We define the A''-extended 
supersymmetry Lie algebra by means of this intertwiner. The Lie algebra acting 
on its cohomology acquires an additional factor qI{N) . 

Notice that in the cases when there are two different possible choices of S 
(denoted by and S2) one can talk about (A''i, A^2)-extended supersymmetry 
taking as a starting point a direct sum of Ni copies of Si and N2 copies of 82- 

The description of cohomology of supersymmetry Lie algebras in dimensions 
9,8,7 follows immediately from the description of cohomology of ten-dimensional 
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supersymmetry Lie algebra reduced to these dimensions. (Notice S has dimen- 
sion 16 in all of these cases.) 

We will describe the cohomology of the Lie algebra of supersymmetries in 
the six- dimensional case as representations of the Lie algebra so(6) x sl(2). The 
vector representation V of 50(6) has the highest weight [1,0,0], the irreducible 
spinor representations have highest weights [0,0,1], [0,1,0]; we consider for 
definiteness Si with highest weight [0,0,1]. As a representation of so (6) x sl{2) 
the representation V has the weight [1,0,0,0] and the representation 5 = 5/0 
W has the weight [0,0, 1, 1]. The description of the graded component of the 
cohomology group with gradings k = m + 2n and n is given by the formulas 

= [0,0, k,k] (81) 

H'''^ ^ [l,0,fc-3,fc-2] (82) 

H''^'^ = [0,l,A;-6,fc-4] (83) 

H'''^ = [0,0,/c-8,fc-6] (84) 

The only special case is when fc = 4, there is one additional term, a scalar, for 

^''■1 = [0,0, 0,0] e [1,0,1,2] (85) 

For n > 4, H'''" vanishes. The so(6) x 5[(2)-invariant part is in H^'^, and H'^'^. 
The dimensions of the cohomology groups are encoded in Poincare series: 

Poir) = (86) 

„ , , 8r3 + Gr^ - Qt^ + lOr^ - lOr^ + 5t* - 

^i(^) = (137)5 ' (87) 



(l-r)5 



Mr) = , (88) 

^3(t) = (89) 



The cohomology considered as a C[t^, ...]-module is generated by the 
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scalar and 



Now we will describe the cohomology of the Lie algebra of supersymmetries 
in the five- dimensional case as representations of the Lie algebra so(5) x 5l(2). 
The vector representation V of so (5) has the highest weight [1,0], the irreducible 
spinorial representation has highest weight [0, 1]. As a representation of so (5) x 
sl{2) the representation V has the weight [1,0,0] and the representation S = 
s^W has the weight [0, 1, 1]. The description of the graded component of the 
cohomology group with gradings k = m + 2n and n is given by the following 
formulas (for n > 3, il*''" vanishes) 

= [0,k,k] (90) 
= [l,A;-4,fc-2] (91) 
ij'=>2 = [0, A; - 6, A; - 4] (92) 

The only special case is when k = 2, there is one additional term, a scalar, for 

iJ^'i = [0,0,0]©[0,2,2] (93) 

The 5o(5) X 5l(2)-invariant part is in H'^'^, and iJ^'^. 

The dimensions of the cohomology groups are encoded in Poincare series: 

l + Sr + T^-ST^ + lOT^-lOT^ + Sr^-r^ 
Po{r) = -p , (94) 

ISr^-llr^ + ST^-r^ 

^i(^) = ' (95) 

= (137)5 (96) 
The cohomology regarded as a C[f^, ...]-module is generated by the 
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scalar considered as an element of H^'^ and 

In the four-dimensional case the representation S should be considered as 
4-dimensional Dirac spinor. 

We describe the cohomology of the Lie algebra of supersymmetries in the 
four- dimensional case as representations of the Lie algebra so (4). As usual the 
representations are labeled by their highest weight. The vector representation V 
has the highest weight [1,1], the irreducible spinor representations have highest 
weights si = [0, 1], Sr = [1, 0]; we assume that S = si + Sr = [0, 1] ® [1, 0]. The 
description of the graded component of the cohomology group with gradings 
k = m + 2n and n is given by the following formulas (for n > 6, H'^''^ vanishes) 

i?*^'" = [0, fc] ® [fc, 0] (97) 
H'''^ = [l,A;-3]e[fc-3,l] (98) 
H''''^ = [0,A;-6]e[A;-6,0], (99) 

The only special case is when fc = 4, there is one additional term, a scalar, 

for 

= [0,0] ©2 X [1,1] (100) 

The so(4)-invariant part is in H°'°, H^''^, and H'^'^. 

The dimensions of these cohomology groups are encoded in Poincare series: 

^ , 1 + 2t - , , 

Po{t) = -T. (101) 



(l-r)2 ' 
(l-r)"2 



Mr) = , (102) 



The cohomology can be regarded as a C[t",t"]-module where a = 1, 2, d = 
1, 2. (Here t" transforms according to the representation [1, 0] and t" transforms 
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according to the representation [0,1].) This module is generated by the scalar 
considered as an element of and 



The cohomology generators m D — A and D — 5 were found by F. Brandt [5]. 



7 Calculations 

We do calculation of Poincare series applying [TD]. However, the straightforward 
calculation is pretty lengthy with the computers we are using. Therefore for 
13 = 10 and _D = 11 we consider dimensional reduction to dimension r and we 
are using induction with respect to r. 

Recall that the differential of the D-dimensional theory reduced to dimension 
r has the form 

E ^"a§?r- (104) 

1 < m < ?■ 

where A"" = ^r^^ri'' and acts in the space Er of polynomial functions of even 
ghosts and r odd ghosts c^,...,c^. We denote corresponding cohomology 
by Hr- Both Er and Hr are bigraded by the degree of even ghosts m and 
degree of odd ghosts n, but it is simpler to work with grading with respect to 
k — m + 2n and n. An clement of Er can be represented in the form x + yd" 
where x,y E Er-i- Notice that 

dr{x + yd') = dr-ix + A^y + dr-iyc^ ■ 

The operator of multiplication by Am commutes with the differential, hence 
it induces a homomorphism 

(7 '. Hr — l — ^ Hr — l- 
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Sending x S Er-i into x + Oc™ G E'^ (embedding Er-i into E'r) we obtain a 
homomorphism i?, -! H,.. Sending x + yc™ into y we get a homomorphism 
Hr Hr-i- It is easy to see that combining these homomorphisms we obtain 
an exact sequence 

or, taking into account the gradings, 

> H^:^'^ ^ ^ ^ ^ ^ . . . (105) 

(This is the exact sequence of a pair {Er, Er-i); we use the fact that = 
E^Zi'"'~^ ■) It follows immediately from this exact sequence that an isomor- 
phism i/^l" = for n > implies iJ^'" = for n > + 1. (In other 
words if Hr is the maximal degree of cohomology in r-dimensional reduction 
then < rir + 1.) Applying the exact sequence (|105p to the case n ^ rir 
and assuming that n^-i < we obtain an isomorphism between and 
a subgroup ofH^'"{-' (this isomorphism can be considered as an isomorphism 
of so(r — l)-representations). For dimensional reductions of _D = 10 and D = 11 
algebras of supersymmetries the dimensions of ^7^+2."^ g^j^jj H^'^{^^ coincide 
because Poincare series are related by the formula P„^ — T'^Pn^_^ . If the homo- 
morphism <T is injective we obtain a short exact sequence 

^ i/^l" ^ i/^+i ^ -> 0. 

Calculations with [TO" show that ni = ... = ns = for = 10 and ni = ... = 
ng = for _D = 11. (It is sufficient to check that in corresponding dimensions 
the homomorphism a is injective.) 

To analyze r-dimensional reduction for r > b, D = IQ we notice that dr can 
be considered as a sum of differentials d' and d" where 



l<m<5 



9c' 

5<m<r 
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(For r > 9,D = 11 one should replace 5 by 9.) These differentials anticom- 
mute; this allows us to use the spectral sequence of a bicomplex to calculate the 
cohomology of dr. The spectral sequence of a bicomplex starts with cohomol- 
ogy H{d" , H{d')). Taking into account that the cohomology H{d') = H{d5) is 
concentrated in degree (as the cohomology H^) we obtain that the spectral 
sequence terminates. This means that one can calculate the Poincare series of 
dr as the Poincare series of H{d" , H{d')) using [10 . Again applying [TO] we 
can obtain the information about generators of cohomology; this information is 
sufRcient to express the generators in terms of Gamma-matrices. 

To calculate the cohomology as a representation of the group of automor- 
phisms we decompose each graded component E''^-" — Sym'^^^"5 (g) A"V of E 
into a direct sum of irreducible representations. 

For example, for D = 10 spacetime, we have the cochain complex 

^ Sym'^S A Sym'^-^^ ® A Sym''-^^ <E> aV 
A Sym'=-65 ® A^V A Sym'^-^^ ® A^V A Sym'^-^^^ ® A^V 

(106) 

A Sym^-12^ ® a'V a Sym^-'^S ® a'V A Sym'^-'^'S ® A^V 
A Sym'=-i«5 ® aV <^ Sym'^^-^o^ ^ ^lo^ ^ q 

where for Sym^S" ® A"^, the grading index fc = m + 2n is preserved by d. All 
components of this complex can be regarded as representations of so(lO). We 
have 

S = [0,0,0,0,1] (choosen) or [0,0,0,1,0], V = [1,0,0,0,0] 

A^V = [0, 1, 0, 0, 0], A^V = [0, 0, 1, 0, 0], 

A*y = [0,0,0,1,1], aV= [0,0, 0,0, 2] ©[0,0, 0,2,0], 

A^V = A'^V, a'^V = A^V, A^V = a'^V, A^V ^ V, A^V = [0, 0, 0, 0, 0], 

(107) 

Sym'^S^ © [i,0,0,0,fc-2i] (108) 

(see [16] for the decomposition of Sym^S"© A"^ and for a complete description 
of the action of the differential on irreducible components for supersymmetry 
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Lie algebra in lOD and 6D.) 

By the Schur's lemma an intertwiner between irreducible representations 
(a homomorphism of simple modules) is either zero or an isomorphism. This 
means that an intertwiner between non-equivalent irreducible representations 
always vanishes. This observation permits us to calculate the contribution of 
every irreducible representation to the cohomology separately. 

Let us fix an irreducible representation A and the number k. We will denote 
by Vn (or by if it is necessary to show the dependence of k) the multiplicity of 
A in = Sym''~^"S'(g) A"K The muhiplicity of A in the image of d : -J> 
jTjk,n-i .^-jj denoted by k„, then the multiplicity of A in the kernel of this 
map is equal to — k„ and the multiplicity of A in the cohomology iJ*^-" is 
equal to /i„ = — k„ — k„+i. It follows immediately that the multiplicity of A 
in the virtual representation (^^ ^^'^ Euler characteristic) is equal 

to l)"i/„. It does not depend on k„, however, to calculate the cohomology 
completely we should know k„. 

Let us consider as an example A = [0,0,0,0,0], the scalar representation, 
for dimension Z? = 10 and arbitrary k. For all k ^ 4, 12, we have i^i = . 
(For small k this can be obtained by means of LiE program 8 .) For /c = 4, 
we have all Vi vanish except i^i = I, hence all Ki vanish. The multiplicity of 
[0,0,0,0,0] in H'^'^ is equal to 1, and other cohomology H*'^ do not contain 
the scalar representation. For k — 12, all i^i vanish except 1/5 = 1, hence H^^'^ 
contains [0, 0, 0, 0, 0] with multiplicity 1, and H^^'^ does not contain [0, 0, 0, 0, 0] 
for i ^ 5. This agrees with Eq. [9]and Eq. [H respectively. 

In many cases a heuristic calculation of cohomology can be based on a prin- 
ciple that the kernel should be as small as possible; in other words, the image 
should be as large as possible (this is an analog of the general rule of the physics 
of elementary particles: Everything happens unless it is forbidden). In 7J this 
is called the principle of maximal propagation. Let us illustrate this principle 

Notice that the principle of maximal propagation should be applied to the decomposition 
of cohomology into irreducible representations of the full automorphism group. Otherwise we 
do not use all available information. 
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in the case when k — 9 and A = [0, 1, 0, 0, 1] in lOD. In this case 1/4 = 1, ly^ = 3, 
U2 = 1. If we beheve in the maximal propagation, then K3 = 1, K4 = 1, thus we 
have 1^3 — K3 — K4 = 1, and [0, 1, 0, 0, 1] contributes only to H^'^. 

Notice, that the principle of maximal propagation sometimes does not give a 
definite answer. For example, this is true in the case when fc = 8 in the dimension 
reduced to 7 from lOD. Considering only the multiplicities of ^ = [0,0,2,2], 
we have the sequence 0— s-O— s>2— !>5^3— >1. This sequence offers two 
distinct possibilities even under the assumption of maximal propagation. We 
can assume that the kernels of the differentials 2 — )■ 5 and 5 — )■ 3 are minimal. 
In this case Hq — 1. Or we can start with the assumption that the kernel of 
differential 3 — 1 is minimal, then the kernel of 5 — >■ 3 has multiplicity at least 3 
and assuming that this multiplicity is equal to 3 we see under the assumption of 
minimality of the kernel of 2 — >■ 5 that the only non-trivial cohomology is /12 = 1 • 
(We can prove that the second position is the correct choice.) We see that the 
result of the method of maximal propagation depends on what differential we 
choose to start with. More generally, we should order the differentials in the 
complex in some way and apply the principle of maximal propagation using this 
ordering. 

In cases we are interested in one can prove that the principle of maximal 
propagation augmented with information about Poincare series and generators 
is free of ambiguities. In other words, this information permits us to resolve 
ambiguities in the application of this principle. Sometimes it is useful to apply 
the remark that multiplying a coboundary by a polynomial we again obtain a 
coboundary. 

The only exception is the case of ten-dimensional reduction of the eleven- 
dimensional supersymmetry Lie algebra. In this case we use the isomorphism 
between -ffJ^J^ and H^^^'^ that was derived from Eg. 11051 This is an isomorphism 
of so(10)-representations; it allows us to find the decomposition of from 
decomposition of H^^^'^ in irreducible representations of so(ll). From the other 
side we can find the virtual so(10)-character oiH^^ —H^^ (Euler characteristic); 
this allows us to finish the calculation. 
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Let • • • -J> Af„ ^ ■ • ■ ^ Mo M denote the minimal free Sym'"S'- 
resolution of the module AI = X^/c^'^'"- Then every free module Mi in this 
resolution is a representation of the group of automorphisms Aut ; it is a tensor 
product of a finite dimensional graded representation /i^ (the generators ) and 
a representation of Aut in the polynomial algebra ^ Sym'^S*. It is easy to find 
the dimensions of the Awi- modules fii (the number of generators of Mi) using 
|10] . Dimensions of the graded components of /i^ can be found routinely using 

m- 

The information about the free resolution can be used to find the structure of 
Aut -module on fii and therefore on M . However, we went in opposite direction: 
we used the information about the structure of Aut -module on M to find the 
structure of Aut -module on /i^ using the formula [f| 

5](-l) V, = H'^'-r") ® iJ2i~ryA'S). (109) 

i k 

The analysis of the resolution of the cohomology module is relegated to the 
appendix. 



8 Homology of super Poincare Lie algebra 

The super Poincare Lie algebra can be defined as the super Lie algebra spanned 
by the supersymmetry Lie algebra and the Lie algebra aut of its group of auto- 
morphisms Aut. y 

To calculate the homology and cohomology of the super Poincare Lie algebra 
we will use the following statement proved by J. Koszul [13] and by Hochschild 
and Serre |T2] .(It follows from Hochschild-Serre spectral sequence constructed 

*This formula follows from well known ii'-theory relation 

(^r™Sym'"5)(^(-ryA-'5) = 1. 

Taking into account that parity reversal transforms symmetric power into exterior power we 

can understand this relation in the framework of super algebra. 

''instead of the Lie algebra of automorphisms one can take any subalgobra. For example, 

we can take as a subalgebra the orthogonal Lie algebra 
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in m) 

Let V denote a Lie algebra represented as a vector space as a direct sum 
of two subspaces C and G- We assume that Q is an ideal in V and that C is 
semisimplc. It follows from the assumption that G is an ideal that £ acts on Q 
and therefore on cohomology of Q; the /^-invariant part of cohomology H'{Q)) 
will be denoted by H'{Q))^ . One can prove that 

p+q=n 

This statement remains correct if V is a super Lie algebra. We will apply 
it to the case when P is the super Poincare Lie algebra, Q is the Lie algebra of 
supersymmetries and C is the Lie algebra of automorphisms or its semisimple 
subalgebra. (We are working with complex Lie algebras, but we can work with 
their real forms. The results do not change .) 

Notice that it is easy to calculate the cohomology of the semisimple Lie 
algebra C; they are described by antisymmetric tensors on C that are invariant 
with respect to the adjoint representation. One can say also that they coincide 
with de Rham cohomology of the corresponding compact Lie group. The Lie 
algebra cohomology oi L — soio with trivial coefficients and as well as De Rham 
cohomology of the compact Lie group SO(10,M) is a Grassmann algebra with 
generators of dimension 3,7,11,13 and 9. In general the cohomology of the group 
80(27", M) is a Grassmann algebra with generators having dimension Ai ~ 1 
for i < r and the dimension 2r — 1 for i = r. The cohomology of the group 
S0(2r + 1, M) is a Grassmann algebra with generators having dimension 4i — 1 
for i < r . The cohomology of the Lie algebra s[(n) coincide with the cohomology 
of compact Lie group SU(n); they form a Grassmann algebra with generators 
of dimension 3, 5, 2n — 1. 

As we have seen only the >C-invariant part of the cohomology of the Lie 
algebra of supersymmetries contributes to the cohomology of super Poincare 
algebra. For D = 10 this means that the only contribution comes from subspaces 
Sym^S* A"y having the following indices (m, n) = (0, 0), (to, n) = (2, 1) and 
(rn,n) = (2,5), for D = 11 the only contribution comes from (m^n) = (0,0) 
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and (m, n) = (2, 2), for D = 6 the only contribution conies from (m, n) = (0, 0) 
and (m, n) = (2, 1). (Here m = k — 2n denotes the grading with respect to even 
ghosts and n the grading with respect to odd ghosts Cm-) 

Cocycles representing cohomology classes of the super Poincare algebra can 
be written in the form p®h, where p is an invariant antisymmetric tensor with 



respect to the adjoint representation of aut and /i is 1 or 

et^CmCuTTp for D = ll (110) 

t^t^c^V^p, et^Cr^CnCkCiCrT'^^'''^ for D = 10 (111) 

rt^c^CnCkCiTlj'^' D = 9 (112) 

rt'^c^CnCkKf'' foiD^S (113) 

i"t''c„c„r;7 for - 7 (114) 

rtVr^^, ri^c™c„Cfcr™"^- for 7? = 6 (115) 

rt^c,„c„r^^" for D = 5 (116) 

rt'^c^r;^., Ti^c^r^^, t"t'^c„c„r™", rt^c,„c„r^^" for d = 4. (117) 



Here Greek indices (i.e. spinor indices) take values 1, 2, • • • , dimS* and Roman 
indices (i.e. vector indices) take values 1, 2, • • • ,D, and dimS* is defined in Sec- 
tionlGl The only exception is for D — 4, the Greek indices a, (3 take values 1, 2, 
and the dotted Greek indices d, /3 take values 1,2. Notice that in these formulas 
Gamma matrices and summation range depend on the choice of dimension. 

The general definition of the super Poincare algebra can be applied also 
to the reduced supersymmetry Lie algebra. For = 10 and D = 11 the 
role of the super Poincare Lie algebra is played by the semidirect product of 
reduced supersymmetry Lie algebra and so(r) x so{D — r). The information 
about invariant elements provided in Sections |4] and [5] permits us to describe 
cohomology of this generalization of super Poincare algebra. 
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A Resolution of the cohomology modules 

One can find a minimal free resolution of the i?-module J2k H^'^ ~ M . (Here 
R = C[t\ • • • , r , • • • ] Sym'^S".) The reader may wish to consult [J on 

this subject. The free resolution has the form 

> M^^ > A-fo ^ M ^ 

where Mi = fii ^ R, and 

liQ - generators of M; 

Hi - relations between generators of AI ; 

/i2 - relations between relations ; 



A.l Resolution of the cohomology modules of dimensional 
reduction of lOD Lie algebra of supersymmetries 

We give the structure of /i^ as aui-module and its grading in the case of r- 
dimensional reduction of the ten-dimensional Lie algebra of supersymmetries 
(in the case when D = r + (10 — r)). Recall that aut denotes the Lie algebra of 
the group of automorphisms Aut. 

• D=10+0, n==0 



Mo = 


[0,0,0,0,0],dim(/xo) = 


: l,deg(^o) = 


= 


[l,0,0,0,0],dim(/^i) = 


10,deg(//i) = 


= 


[0,0,0,l,0],dim(^2) - 


16,deg(^2) = 




[0,0,0,0,l],dim(A*3) = 


16,deg(^3) = 


= 


[l,0,0,0,0],dim(Ai4) = 


10,deg(^4) = 


^J■5 = 


[0,0,0,0,0],dim(^5) = 


l,deg(Ai5) = 
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• D=10+0, n=l 

Ho = [0, 0, 0, 1, 0], dini(^o) = 16, deg(y^o) = 3; 

Ml = Hi' + Hi", 
Hi = [0,l,0,0,0],dim(/ii') =45,deg(/xi') =4; 
Hi" = [0,0,0,0,l],dim(Mi") = 16,dcg(^i") - 5; 
H2 = 2x [0, 0, 1, 0, 0] + [1, 0, 0, 0, 0], dim(/i2) = 250, deg(M2) = 6; 
H3 = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/x3) = 720, deg(/X3) = 7; 

H4 = Hi + M4", 

ha' = [0, 2, 0, 0, 0] + [l, 0, 0, 2, 0] + [2, 0, 0, 0, 0], dini(y^4') = 1874, deg(At4') = 8; 
Hi" = [0, 0, 0, 0, 1], dim(/i4") = 16, deg(M4") = 9; 
H5 = H5' + H5", 

H5' = [0, 0, 0, 0, l] + [0, 0, 0, 0, 1] + [G, 0, 0, 3, 0] + [l, 1, 0, 1, 0], dim(/x5') = 4352, deg(M5') = 9; 
H5" = [1, 0, 0, 0, 0], diin(/x5") = 9, deg(M5") = 10; 
He = [0, 1, 0, 2, 0] + [2, 0, 1, 0, 0], dim(/i6) = 8008, deg(M6) = 10; 
H7 = [1,0,1,1,0] + [3, 0,0, 0,1], dim(/x7) = 11440, deg(/X7) = U; 
H8 = [0,0,2,0,0] + [2,0,0, l,l] + [4,0,0,0,0],dim(^,8) = 12870, dcgOig) = 12; 
H9 = [1,0,1,0, 1] + [3,0,0, 1,0], dim(/x9) = 11440, deg(At9) = 13; 
Hio = [0,l,0,0,2] + [2,0,l,0,0],dim(/iio) =8008,deg(Mio) = 14; 
Hii = [0, 0, 0, 0, 3] + [1, 1, 0, 0, 1], dim(/in) = 4368, deg(Mii) = 15; 
H12 = [0, 2, 0, 0, 0] + [1, 0, 0, 0, 2], dini(/xi2) = 1820, deg(/xi2) = 16; 
His = [0, 1,0,0, l],dim(/xi3) = 560, deg(Mi3) = 17; 
Hi4 = [0,0,l,0,0],dim(/xi4) = 120,deg(/ii4) = 18; 
Hi5 = [0,0, 0,1,0], dim(/ii5) = 16,dcg(^i5) 19; 
H16 = [0, 0, 0, 0, 0], diin(iUi6) = 1, deg(/zi6) = 20. 



• D=10+0, n=2 

Ho = [0, 0, 1, 0, 0], dim(/xo) = 120, deg(/Xo) = 6; 

Ml = [0, 0, 0, 1, 0] + [0, 1, 0, 1, 0] + [1, 0, 0, 0, 1], dim(/xi) = 720, deg(Mi) = 7; 
M2 =[0, 0, 0, 0, 0] + [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0] + [0, 2, 0, 0, 0] + [1, 0, 0, 2, 0]+ 

+ [2, 0, 0, 0, 0], dim(y^2) = 2130, dcg(M2) = 8; 

M3 = Ma' + Ms", 

M3' = [0, 0, 0, 3, 0] + [l, 0, 0, 1, 0]+[l, 1, 0, 1, 0], dim(/x3') = 4512, deg(M3') = 9; 
Ms" = [0,0,0,0,2] + [1,0, 0,0,0], dim(/z3") = 136,deg(M3") = 10; 

M4 = M4' + M4", 

M4' = [0, 1, 0, 2, 0] + [2, 0, 1, 0, 0], dim(/i4') = 8008, deg(M4') = 10; 
M4" = [0,0,0,l,0] + [l,0,0,0,l],dim(/i4") = 160,deg(M4") = U; 

Ms = Ms' + Ms", 

Ms' = [1, 0, 1, 1, 0] + [3, 0, 0, 0, 1], dim(/i5') = 11440, deg(M5') = 11; 
Ms" = [0,l,0,0,0],dim(/x5") =45,deg(Ms") = 12; 
He = [0,0,2,0,0] + [2,0,0,l,l]+[4,0,0,0,0],dim(^6) = 12870, deg(/X6) = 12; 
M7 = [1,0,1,0, 1] + [3,0,0, 1,0], dim(/i7) = 11440, deg(M7) = 13; 
M8 = [0, 1, 0, 0, 2] + [2, 0, 1, 0, 0], dim(At8) = 8008, deg(M8) = 14; 
Atg = [0, 0, 0, 0, 3] + [1, 1, 0, 0, 1], dim(/x9) = 4368, deg(/X9) = 15; 
Mio = [0,2,0,0,0] + [1,0, 0,0,2], dim(/iio) = 1820,deg(Mio) = 16; 
Mil = [0,l,0,0,l],dim(/xii) = 560,deg(Mii) = 17; 
H12 = [0, 0, 1, 0, 0], dini(^i2) = 120, deg(/xi2) = 18; 
Mi3 = [0,0,0, 1,0], dim(/ii3) = 16,deg(Mi3) = 19; 
Mi4 = [0,0,0,0,0],dim(/ii4) = l,deg(Mi4) = 20. 
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• D=10+0, n=3 

Mo = [0, 1, 0, 0, 0], dim(Ato) = 45, deg(Ato) = 8; 
Ml = [0,0,0,0,l] + [l,0,0,l,0],dim(Mi) = 160,deg(Mi) = 9; 

At2 = M2' + I-I2" , 

1^2' = [0, 0, 0, 2, 0] + [1, 0, 0, 0, 0], dim(M2') = 136, degM = 10; 
M2" = [1,0,0,0, l],dim(M2") = 144,deg(/X2") = 11; 
M3 = [0,0,0,0,0] + [0,0,0,l,l] + [0,l,0,0,0] + [2,0,0,0,0],dim(M3) = 310,deg(At3) = 12; 
M4 = [0,0,0,0,1] + [1,0, 0,1,0], dim(M4) = 160,deg(At4) = 13; 
Ms = [0,0,0, 1,0], dim(M5) = 16,deg(M5) = 15; 
M6 = [0,0,0,0,0],dim(M6) = l,deg(M6) = 16. 

• D=10+0, n=4 

MO = [1, 0, 0, 0, 0], diin(Mo) = 10, deg(Mo) = 10; 
Ml = Ml' + 

Ml' = [0,0,0, 1,0], dim(Mi') = 16,deg(Mi') = 11; 
Ml" = [2, 0, 0, 0, 0], dim(Mi") = 54, deg(Mi") = 12; 
M2 = [0, 0, 0, 0, 1] + [1, 0, 0, 1, 0], dim(M2) = 160, deg(M2) = 13; 
M3 = [0, 0, 1, 0, 0] + [1, 0, 0, 0, 0], dim(M3) = 130, deg(M3) = 14; 
M4 = [0, 0, 0, 0, 0] + [0, 1, 0, 0, 0], dim(M4) = 46, deg(M4) = 16; 
M5 = [0,0,0,0, l],dim(M5) = 16,deg(M5) = 17. 

• D=10+0, n=5 

Mo = [0,0,0,0,0],dim(Mo) = l,deg(Mo) = 12; 
Ml = [l,0,0,0,0],diin(Mi) = 10,deg(Mi) = 14; 



M2 = [0, 0, 0, 1, 0], dim(/x2) = 16, deg(/X2) = 15; 
113 = [0,0,0,0, l],dim(M3) = 16,deg(/X3) = 17; 
H4 = [1, 0, 0, 0, 0], dim(/x4) = 10, deg(M4) = 18; 
/X5 = [0,0,0,0,0],dim(/x5) = l,deg(M5) = 20. 

• D=9+l, n=0 

Mo = [0, 0, 0, 0], dim(/xo) = 1, deg(/xo) = 0; 
Ml = [1, 0, 0, 0], dim(/ii) = 9, deg(/xi) = 2; 
= [0, 0, 1, 0] + [0, 1, 0, 0], dim(/X2) = 120, deg(/X2) = 4; 
= [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(/z3) = 576, deg(M3) = 5; 

H4 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 2, 0, 0] + [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 1, 0, 0] + 
+ [2, 0, 0, 0], dim(/X4) = 1830, dcg(/i4) = 6; 

Ms = Ms' + Ms", 

Ms' = [0, 0, 0, 3]+[0, 1, 0, 1]+[1, 0, 0, 1]+[1, 1, 0, l]+[2, 0, 0, 1], dim(/i5') = 4368, deg(/X5') = 7; 

Ms" = [0,0,0,0],dim(/i5") - l,dcg(M5") = 8; 
Me =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 
+ [2, 0, 1, 0] + [2, 1, 0, 0], dim(M6) = 8008, deg(M6) = 8; 

M7 =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 

+ [2, 0, 0, 1] + [3, 0, 0, 1], dini(M7) = 11440, dcg(/i7) = 9; 

H8 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3,0,0,0] + [4,0,0,0],dim(M8) = 12870, deg(/i8) = 10; 

M9 =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(/z9) = 11440, deg(M9) = 11; 
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Mio =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 

+ [2, 0, 1, 0] + [2, 1, 0, 0], dim(/iio) = 8008, deg(Mio) = 12; 
Mil = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1]+[1, 1, 0, l] + [2, 0, 0, 1], dim(/xii) = 4368, deg(Mii) 

Mi2 = [0, 0, 0, 2] + [0, 2, 0, 0] + [l, 0, 0, 2] + [l, 1, 0, G] + [2, 0, 0, 0], dim(/xi2) = 1820, deg(/xi2) 

Mi3 = [0, 1, 0, 1] + [1, 0, 0, 1], dim(/xi3) = 560, deg(/xi3) = 15; 

Mi4 = [0, 0, 1, 0] + [0, 1, 0, 0], dim(Mi4) = 120, deg(Mi4) = 16; 

1^15 = [0, 0, 0, 1], dim(^i5) = 16, deg(^i5) = 17; 

Mi6 = [0,0,0,0],dim(/xi6) = l,deg(/xi6) = 18. 

• D=9+l, n=l 

Mo = [0, 0, 1, 0], dim(/io) = 84, deg(Mo) = 4; 

Ml = [0, 0, 0, 1] + [0, 1, 0, 1] + [1, 0, 0, 1], dim(/ii) - 576, dcg(Mi) = 5; 
M2 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 1, 0, 0] + [0, 2, 0, 0] + [1, 0, 0, 0] + 
+ [1, 0, 0, 2] + [1,1, 0, 0] + [2, 0, 0, 0], dim(M2) = 1950, deg(M2) = 6; 

MS =[0, 0, 0, 1] + [0, 0, 0, 3] + [0, 1, 0, 1] + 2 X [1, 0, 0, 1] + [1, 1, 0, 1] + [2, 0, 0, 1], 

dim(/;i3) = 4512,deg(Ai3) = 7; 

M4 = M4' + M4", 

/X4' =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0]+ 
+ [2, 0, 0, 0] + [2, 0, 1, 0] + [2, 1, 0, 0], dim(/i4') = 8052, deg(M4') = 8; 
M4" = [0, 0, 0, 1], dini(M4") = 16, deg(M4") = 9; 

Ms = Ms' + Ms", 

M5' =[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1,0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1]+ 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(M5') = 11440, dcgOig') = 9; 
Ms" = [l,0,0,0],dim(M5") = 9,deg(M5") = 10; 
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=[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 1, 0] + [0, 0, 2, 0] + [0, 1, 1, 0] + [0, 2, 0, 0] + 
+ [1, 0, 0, 0] + [1, 0, 0, 2] + [1, 0, 1, 0] + [2, 0, 0, 0] + [2, 0, 0, 2] + [2, 0, 1, 0]+ 
+ [3, 0, 0, 0] + [4, 0, 0, 0] , dim(At6) = 12870, deg(Ai6) = 10; 

=[0, 0, 0, 1] + [0, 0, 1, 1] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 0, 1, 1] + [1, 1, 0, 1] + 
+ [2, 0, 0, 1] + [3, 0, 0, 1], dim(/i7) = 11440, deg(/X7) = 11; 

Ms =[0, 0, 1, 0] + [0, 1, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2] + [1, 0, 1, 0] + [1, 1, 0, 0] + 

+ [2, 0, 1, 0] + [2, 1, 0, 0], dini(/Z8) = 8008, degl/ig) = 12; 
Atg = [0, 0, 0, 3] + [0, 1, 0, 1] + [1, 0, 0, 1] + [1, 1, 0, l] + [2, 0, 0, 1], dim(M9) = 4368, dcg(M9) = 13; 

Uto = [0,0,0,2] + [0,2,0,0] + [l,0,0,2]+[l,l,0,0] + [2,0,0,0],dim(/iio) = 1820, deg(Mio) = 

Mil = +[0, 1, 0, 1] + [1, 0, 0, 1], dim(Mii) = 560, deg(Mii) = 15; 

Mi2 = [0, 0, 1, 0] + [0, 1, 0, 0], dini(Mi2) = 120, deg(Mi2) = 16; 

Mi3 = [0,0,0, l],dim(Mi3) = 16,deg(Mi3) = 17; 

Mi4 = [0,0,0,0],dim(Mi4) = l,deg(Mi4) = 18. 

D=9+l, n=2 

Mo = [0, 1, 0, 0], dim(Mo) = 36, deg(Mo) = 6; 

Ml = [0, 0, 0, 1] + [1, 0, 0, 1], diin(Mi) = 144, deg(Mi) = 7; 
M2 = [0, 0, 0, 0]+[0, 0, 0, 2]+[l, 0, 0, 0] + [2, 0, 0, 0], dim(M2) = 180, deg(M2) = 8; 
M3 = [0,0,0,0] + [0,0,0,2] + [l,0,0,0] + [2,0,0,0],dim(M3) = 180,deg(M3) = 10; 
M4 = [0,0,0,1] + [1,0, 0,1], diin(M4) = 144,deg(M4) = 11; 
M5 = [0, 1, 0, 0], dim(M5) = 36, deg(M5) = 12. 

D=9+l, 11=3 

Mo = [1, 0, 0, 0], dim(Mo) = 9, deg(Mo) = 8; 
Ml = Ml' + A<i", 
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Ml' = [0,0,0,l],dim(/ii') = 16,deg(/ii') = 9; 
III" = [2,0,0,0],dim(/zi") = 44,deg(Mi") = 10; 
^i2 = [0, 0, 0, 1] + [1, 0, 0, 1], dim(A<2) = 144, deg(/X2) = 11; 
/i3 = [0, 0, 0, 0]+[0, 0, 1, 0]+[0, 1, 0, 0] + [l, 0, 0, 0], dim(/i3) = 130, deg(/X3) = 12; 

At4 = A*4' + A*4", 

/X4' = [0, 0, 0, 1], dini(/i4') = 16, dcg(M4') = 13; 
Hi" = [0, l,0,0],dim(/i4") = 36,deg(M4") = 14; 
/i5 = [0, 0, 0, 1], dim(/x5) = 16, deg(/i5) = 15; 
HQ = [0, 0, 0, 0], dini(/X6) = 1, deg(/i6) = 16. 

D=9+l, n=4 

/xo = [0,0,0,0],dini(/xo) = l,deg(/^o) = 10; 
Ml = [0, 0, 0, 0] + [1, 0, 0, 0], dim(Mi) = 10, deg(Mi) = 12; 

H2 = [0, 0, 0, 1], dim(M2) = 16, deg(M2) = 13; 

Ma = [0,0,0,l],dim(M3) = 16,deg(M3) = 15; 
in = [0, 0, 0, 0] + [1, 0, 0, 0], dim(/x4) = 10, deg(M4) = 16; 

M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 18. 

D=8+2, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [l,0,0,0,0],dim(Mi) = 8,deg(Mi) =2; 

M2 = [0,l,0,0,0],dim(M2) = 56,deg(M2) =4; 

M3 = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dini(M3) = 128, deg(M3) 
M4 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 2, 0, -2] + [1, 0, 0, 0, 0]+ 
+ [2, 0, 0, 0, -2] + [2, 0, 0, 0, 2] , dim(M4) = 150, deg(M4) = 6; 
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Ms' = [1,0, 0, 1, 3] + [1, 0, 1, 0, -3], dim(/i5') = 112, degif,^') = 7; 
Ms" = [0,0,0,0,0],dim(Ai5") = l,deg(/i5") =8; 
/X6 = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dim{ne) = 56, deg(/i6) = 8; 
H7 = [0, 0, 0, 1, -5] + [0, 0, 1, 0, 5], dim(/x7) = 16, deg(/i7) = 9; 
^^s = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6], dim(/X8) = 2, degC/Zg) = 10. 

• D=8+2, n=l 

HO = [0, 1, 0, 0, 0], dim(Mo) = 28, deg(/xo) = 4; 

Ml = [0, 0, 0, 1, -l]+[0, 0, 1, 0, 1] + [1, 0, 0, 1, 1]+[1, 0, 1, 0, -1], dim(Mi) = 128, deg(Mi) = 5: 
M2 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 0, 2, 2] + [0, 0, 1, 1, 0] + [0, 0, 2, 0, -2] + 

+ 2 X [l,0,0,0,0] + [2,0,0,0,-2] + [2,0,0,0,2],dim(/x2) = 214,deg(M2) =6; 
A*3 = l^s' + Hi" , 

= [0, 0, 0, 1, l] + [0, 0, 1, 0, -1]+[1, 0, 0, 1, 3] + [l, 0, l, O, -3], dim(M3') = 128, degl^a') = 
Ms" = [0, 0, 0, 0, 0]+[0, 0, 0, 2, 0]+[0, 0, 2, 0, 0]+[2, 0, 0, 0, 0], dim(/i3") = 106, deg(/i3") = 8: 

M4 = M4' + M4", 

M4' = [0, 1, 0, 0, -4] + [0, 1, 0, 0, 4], dini(M4') = 56, deg(M4') = 8; 
M4" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0, -1], dim(M4") = 128, deg(M4") 

Ms = Ms' + Ms", 

Ms' = [0, 0, 0, 1, -5] + [0, 0,1,0,5], dim(M5') = 16, degCMs') = 9; 

Ms" = [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2] + [l, 0, 0, 0, 0], dim(Ms") = 64, deg(Ms") = 10; 

A*6 = Me' + Me", 

Me' = [0, 0, 0, 0, -6] + [0, 0, 0, 0, 6] , dim(M6') = 2, deg(M6') = 10; 

Me" = [0, 0, 0, 1, -3] + [0, 0, 1, 0, 3], dim(M6") = 16, dcg(M6") - 11; 
M7 = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4], diin(M7) = 2, deg(M7) = 12. 
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• D=8+2, n=2 

Mo = [1, 0, 0, 0, 0], dini(/xo) = 8, deg(/^o) = 6; 
Ml = Ml' + Mi"5 

Ml' = [0, 0, 0, 1, 1] + [0, 0, 1, 0, -1], dim(/ii') = 16, deg(Mi') = 7; 

Ml" = [2,0,0,0,0],dim(Mi") =35,deg(Mi") = 8; 
M2 = M2' + M2", 
M2' = [0, 0, 0, 0, 0], dim(/i2') = 1, deg(M2') = 8; 
M2" = [0, 0, 0, 1, -l] + [0, 0, 1, 0, 1] + [1, 0, 0, 1, 1] + [1, 0, 1, 0,-1], dim(/i2") = 128, deg(M2") = 9; 

M3 =[0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [0, 0, 1, 1, 0] + [0, 1, 0, 0, -2] + [0, 1, 0, 0, 2]+ 
+ 2 X [1, 0, 0, 0, 0], dini(M3) = 130, dcgi/Js) = 10; 

M4 = M4' + M4", 

M4' = [0, 0, 0, 1, -3]+[0, 0, 0, 1, l]+[0, 0, 1, 0, -l]+[0, 0, 1, 0, 3], dim{/ii') = 32, deg(M4') = 11; 
M4" = [0, l,0,0,0],dim(/i4") = 28,deg(M4") = 12; 

M5 = Ms' +M5", 

/X5' = [0, 0, 0, 0, -4] + [0, 0, 0, 0, 4] , dim(M5') = 2, deg(M5') = 12; 
Ms" = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M5") = 16, deg(M5") = 13; 
M6 = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dim(M6) = 2, deg(M6) = 14. 

• D=8+2, n=3 

Mo = [0,0,0,0,0],dim(Mo) = l,deg(Mo) =8; 
Ml = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2] + [l, 0, 0, 0, 0], diin(Mi) = 10, deg(Mi) = 10; 
M2 = [0, 0, 0, 1, 1] + [0, 0, 1, 0,-1], dim(M2) = 16, deg(M2) = 11; 
M3 = [0, 0, 0, 1, -1] + [0, 0, 1, 0, 1], dim(M3) = 16, deg(M3) = 13; 

M4 = [0,0,0,0,-2] + [0,0,0,0,2] + [l,0,0,0,0],dim(M4) = 10,deg(M4) = 14; 
M5 = [0,0,0,0,0],dim(M5) = l,deg(M5) = 16. 
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• D=7+3, n=0 

Ho = [0, 0, 0, 0], dim(^o) = 1, deg(/xo) = 0; 
Hi = [l, 0, 0, 0], dim(/ii) = 7, deg(/xi) = 2; 
M2 = [0, 1, 0, 0] + [1, 0, 0, 0], dini(/Z2) = 28, deg(/Z2) = 4; 
= + Ms", 
H3' = [0,0,l,l],dim(/i3') = 16,deg(/i3') = 5; 
^is" = [0, 0, 0, 0] + [0, 0, 2, 0] + [2, 0, 0, 0], dim(/x3") = 63, deg{^is") = 6; 

114, = jJ-A + Hi" ■, 

fi4' = [0,0,0,2],dim(/i4') = 3,deg(/X4') = 6; 
Hi" = [0, 0, 1, 1] + [1, 0, 1, 1], dim(/z4") = 112, deg(/Z4") = 7; 
Ms = [0, 0, 0, 0] + [0, 1, 0, 2] + [1, 0, 0, 2], dim(/z5) = 85, deg(M5) = 8; 
He = [0,0,l,3],dim(/i6) = 32,deg(M6) = 9; 
H7 = [0,0,0,4],dim(/i7) = 5,deg(M7) = 10. 

• D=7+3, n=l 

HO = [1, 0, 0, 0], dim(/xo) = 7, deg(/io) = 4; 

Ml = Ml' + Mi", 
Hi' = [0,0,l,l],dim(/ii') = 16,deg(/ii') = 5; 

Ml" = [2, 0, 0, 0], dim(Mi") = 27, dcg(Mi") = 6; 
M2 = M2' + M2", 
H2' = [0,0,0,2],dim(/X2') = 3,deg(/X2') = 6; 
A^a" = [0, 0, 1, 1] + [1, 0, 1, 1], dini(M2") = 112, dcgC^a") = 7; 
H3 =[0, 0, 0, 0] + [0, 0, 0, 2] + [0, 0, 2, 0] + [0, 1, 0, 2] + [1, 0, 0, 0] + [1, 0, 0, 2], 
dim(/i3) = 130,deg(/i3) = 8; 



M4 = IJ'i + IJ'i", 

m' = [0, 0, 1, 1] + [0, 0, 1, 3], dim(/i4') = 48, degiin') = 9; 
114" = [0, 1, 0, 0], dini(/^4") = 21, deg(M4") = 10; 

1^5 = lib + IJh", 

115' = [0,0,0,4],dim(/i5') = 5,deg(/i5') = 10; 
/xs" = [0,0, 1, l],dim(/i5") = 16,deg(/i5") = 11; 
/X6 = [0, 0, 0, 2], dini(/X6) = 3, degino) = 12. 

• D=7+3, n=2 

Mo = [0, 0, 0, 0], dim(/io) = 1, deg(/xo) = 6; 
/zi = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/zi) = 10, deg(/zi) = 8; 
IJ.2 = [0,0, l,l],dim(/i2) = 16,deg(/i2) = 9; 
113 = [0, 0, 1, 1], dim(/i3) = 16, deg(/U3) = 11; 

fii = [0, 0, 0, 2] + [1, 0, 0, 0], dim(/i4) = 10, dcg{fii) = 12; 
At5 = [0,0,0,0],dim(/Z5) = l,deg(At5) = 14. 

• D=6+4, n=0 

Mo = [0, 0, 0, 0, 0], dim(/xo) = 1, deg(Mo) = 0; 
Ml = [0,l,0,0,0],dim(Mi) = 6,deg(Mi) =2; 
M2 = [0, 0, 0, 0, 0] + [1, 0, 1, 0, 0], dim(M2) = 16, deg(M2) = 4; 
M3 = [0, 0, 0, 1, l] + [0, 0, 2, 0, 0]+[0, 1, 0, 0, 0]+[2, 0, 0, 0, 0], dim(M3) = 30, deg(M3) = 6; 

M4 = lii + in", 
Hi' = [0, 0, 1, 1, 0] + [1, 0, 0, 0, 1], dim(M4') = 16, deg(M4') = 7; 

M4" = [l,0,l,0,0],dim(M4") = 15,deg(M4") = 8; 
M5 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], dim(M5) = 16, deg(M5) = 9; 
M6 = [0,0,0,l,l],dim(M6) = 4,deg(M6) = 10. 
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• D=6+4, n=l 

Ato = [0, 0, 0, 0, 0], dini(/xo) = 1, deg(Ato) = 4; 

Ml = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/xi) = 10, deg(/ii) = 6; 

^i2 = [0,0,l,l,0] + [l,0,0,0,l],dim(Ai2) = 16,dog(M2) =7; 
M3 = [0, 0, 1, 0, 1] + [1, 0, 0, 1, 0], diin(M3) = 16, deg(M3) = 9; 
m = [0, 0, 0, 1, 1] + [0, 1, 0, 0, 0], dim(/i4) = 10, deg(M4) = 10; 
= [0,0,0,0,0],dini(M5) = l,deg(/X5) = 12. 

• D=5+5, n=0 

Mo = [0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 

Ml = [1, 0, 0, 0], dim(Mi) = 5, deg(Mi) = 2; 
M2 = [0, 2, 0, 0], dini(M2) = 10, deg(/X2) = 4; 
M3 = [0,2,0,0],dim(M3) = 10, deg(M3) = 6; 

M4 = [1, 0, 0, 0], dim(M4) = 5, deg(M4) = 8; 
M5 = [0,0,0,0],dim(M5) = l,deg(M5) = 10. 

• D=4+6, n=0 

Mo = [0, 0, 0, 0, 0], dim(Mo) = 1, deg(Mo) = 0; 
Ml = [l,l,0,0,0],dim(Mi) = 4,deg(Mi) =2; 
M2 = [0,2,0,0,0] + [2,0,0,0,0],dim(M2) = 6,deg(M2) =4; 
M3 = [1, 1, 0, 0, 0], dim(M3) = 4, deg(M3) = 6; 
M4 = [0,0,0,0,0],dim(M4) = l,deg(M4) =8. 
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• D=3+7, n=0 

Ho = [0, 0, 0, 0], dim(;tio) = 1, deg(Aio) = 0; 
Hi = [2, 0, 0, 0], dim(/ii) = 3, deg(/xi) = 2; 
H2 = [2, 0, 0, 0], dim(^2) = 3, dcg(^2) = 4; 
/is = [0, 0, 0, 0], diin(/x3) = 1, deg(/U3) = 6. 

• D=2+8, n=0 

Mo = [0,0,0,0,0],dim(/io) = l,deg(Mo) = 0; 
Ml = [0, 0, 0, 0, -2] + [0, 0, 0, 0, 2], dini(Mi) = 2, deg(/zi) = 2; 
/i2 = [0, 0, 0, 0, 0], dim(M2) = 1, deg(M2) = 4. 

• D=l+9, n=0 

Ho = [0,0,0,0],dim(Mo) = l,deg(Mo) = 0; 
Hi = [0, 0, 0, 0], dim(Mi) = 1, deg(/xi) = 2. 

A. 2 Resolution of the cohomology modules of 6D Lie al- 
gebra of supersymmetries 

We now give the structure of Hi as an auf-module and its grading in the case of 
the six-dimensional Lie algebra of supersymmetries. 

• D=6+0, n=0 



Ho 


= [0,0,0,0],dim(/io) 


= l,deg(Mo) = 0; 


Ml 


= [0,l,0,0],dim(Mi) 


= 6,dcg(/ii) = 2; 




= [l,0,0,l],dim(M2) 


= 8,deg(M2) = 3; 


Ms 


= [0,0,0,2],dim(M3) 


= 3,deg(/i3) =4. 
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• D=6+0, n=l 

/tio = [1, 0, 0, 1], dim(/^o) = 8, deg(/xo) = 3; 
Ml = [0,0,0,2] + [l,0,l,0],dim(/ii) = 18, deg(Mi) = 4; 
= [0, 0, 2, 0] + [0, 1, 0, 2] + [2, 0, 0, 0], dim(/i2) = 38, deg(/X2) = 6; 
/Z3 = [0, 1, 1, 1] + [1, 0, 0, 1] + [1, 0, 0, 3], dini(M3) = 64, deg(M3) = 7; 
= [0, 0, 0, 0]+[0, 0, 0, 4]+[0, 2, 0, 0] + [l, 0, 1, 2], diin(/x4) = 71, degM = 8; 
fi5 = [0, 0, 1, 3] + [1, 1, 0, 1], dim(/i5) = 56, degifi^) = 9; 
M6 = [0, 1, 0, 2] + [2, 0, 0, 0], dim(/x6) = 28, deg(/Z6) = 10; 
Hr = [1, 0, 0, 1], dini(/X7) = 8, deg(/i7) = 11; 
Ms = [0,0,0,0],dim(M8) = l,deg(M8) = 12. 

• D=6+0, n=2 

Mo = [0, l,0,2],dim(Mo) = 18,deg(Mo) = 6; 
Ml = [0, 1, 1, 1] + [1, 0, 0, 1] + [1,0, 0, 3], dim(Mi) = 64, deg(Mi) = 7; 
M2 = [0, 0, 0, 0]+[0, 0, 0, 2] + [0, 0, 0, 4] + [0, 2, 0, 0] + [l, 0, 1, 0]+[l, 0, 1, 2], dim(M2) = 89, deg(M2) = 8; 
Ms = [0, 0, 1, 1] + [0, 0, 1, 3] + [1, 1, 0, 1], dim(M3) = 64, deg(M3) = 9; 
M4 = [0, 1, 0, 2] + [2, 0, 0, 0] , dim(M4) = 28, deg(M4') = 10; 
M5 = [1, 0, 0, 1], dim(M5) = 8, deg(M5) = H; 
M6 = [0,0,0,0],dim(M6) = l,deg(M6) = 12. 

• D=6+0, n=3 



Mo 


= [0,0,0,2],diin(Mo) 


= 3,deg(Mo) = 8; 


Ml 


= [0,0,l,l],dim(Mi) 


= 8,deg(Mi) = 9; 


M2 


= [0,l,0,0],dim(M2) 


= 6, deg(M2) = 10; 


M3 ^ 


= [0,0,0,0],dim(M3) 


= l,deg(M3) = 12. 
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A. 3 Resolution of the cohomology modules of 5D Lie al- 
gebra of supersymmetries 

We now give the structure of /i, as an aut-module and its grading in the case of 
the five- dimensional Lie algebra of supersymmetries. 

• D=5+0, n=0 

1^0 = [O,0,0],dim(/xo) = l,deg(/xo) = 0; 

Ml = [1, 0, 0], dim(/ii) = 5, deg(/ii) = 2; 
M2 = [0, 2, 0] + [1, 0, 2], dim(/X2) = 25, deg(/X2) = 4; 
M3 = [0, 1, 1] + [0, 1, 3] + [1, 1, 1], dim(/x3) = 56, deg(M3) = 5; 
M4 = [0, 0, 0] + [0, 0, 4]+[0, 2, 2] + [l, 0, 0]+[l, 0, 2]+[2, 0, 0], dim(/i4) = 70, degM = 6; 
/X5 = [0,l,l] + [0,l,3] + [l,l,l],dim(/i5) =56,deg(M5) = 7; 
He = [0, 0, 2] + [0, 2, 0] + [1, 0, 2], dim(M6) = 28, deg{ne) = 8; 
/«7 = [0, 1, 1], dim(/i7) = 8, deg(/i7) = 9; 
IJ.S = [0,0,0],dim(/i8) = l,deg(/i8) = 10. 

• D=5+0, n=l 

Ho = [1, 0, 2], dim(/Lio) = 15, deg(/io) = 4; 

Ml = [0,l,l] + [0,l,3] + [l,l,l],dim(/ii) =56,deg(/ii) =5; 
M2 = [0, 0, 0] + [0, 0, 2]+[0, 0, 4] + [0, 2, 0]+[0, 2, 2]+[l, 0, 0]+[l, 0, 2]+[2, 0, 0], dim(/x2) = 83, deg(M2) = 6; 
113 = 2 X [0, 1, 1] + [0, 1, 3] + [1, 1, 1], dim(M3) = 64, deg(/X3) = 7; 
M4 = [0, 0, 0] + [0, 0, 2] + [0, 2, 0] + [1, 0, 2], dim(M4) = 29, deg(M4') = 8; 
M5 = [0, 1, 1], dim(M5) = 8, deg(M5) = 9; 
He = [0,0,0],dim(M6) = l,deg(M6) = 10. 
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• D=5+0, n=2 

/zo = [0, 0, 2], dim(/xo) = 3, deg(/xo) = 6; 
m = [0, 1, 1], diin(/zi) = 8, deg(/xi) = 7; 
/i2 = [0,0,0] + [I,0,0],dim(/X2) = 6,deg(/X2) = 8; 
/X3 = [0,0,0],dim(/x3) = l,deg(/i3) = 10. 

A. 4 Resolution of the cohomology modules of 4D Lie al- 
gebra of supersymmetries 

Wc now give the strueture of /i^ as an auf-module and its grading in the case of 
the four-dimensional Lie algebra of supersymmetries. 

• D=4+0, n=0 

Mo = [O,0],dim(/io) = l,deg(/io) = 0; 
Ml = [1, 1], dim(Mi) = 4, deg(/xi) = 2; 
/X2 = [0, 1] + [1, 0], dim(/i2) = 4, deg(M2) = 3; 
/(Xa = [0,0],dim(/X3) = l,deg(/X3) = 4. 

• D=4+0, n=l 

Aio = [0, 1] + [l,0],dim(/io) = 15,deg(/zo) = 4; 
Ml = [0, 0] + [0, 2] + [2, 0], dim(Mi) = 56, deg(Mi) = 5; 
M2 = 2 X [0,0] + [1, l],dim(M2) = 83,deg(M2) = 6; 
H3 = [0, 1] + [l,0],dim(/i3) = 64,deg(M3) = 7; 

M4 = [0,0],dim(/i4) = 29,deg(/Z4') = 8. 

• D=4+0, n=2 

MO = 2 X [0, 0], dim(Mo) = 3, deg(Mo) = 6; 

Ml = [0,1] + [l,0],dim(Mi) = 8,dcg(Mi) = 7; 
M2 = 2 X [0,0],dim(M2) = 6,deg(M2) = 8. 
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B Computer calculations 

We will describe here the computer programs used in the calculations 



1. We calculate the differential d : V ^ S iS> S (Eq. ^ using Gamma [T7] . 

2. We use Macaulay2 [TU] to calculate the Poincare (Hilbert) series Pn{T) = 
J2k dim" MfcT'^ of i?-module "Af = J2k Here R = C[t\ • • • , r , • • • ] = 
J2m Sym'"^'. We calculate generators of this module and generators of free 
resolution 

j> "M, ^ > "Afi ^ "Mo ^ "M ^ 

where "M^ = "^^ R. 
Input: 

Coefficients F™^ in the differential, the number of Greek indices (dim 5'), 
the number of Roman indices (dim V) . 

Output: 

Poincare (Hilbert) series, 

number of generators of "M and the number of them, 
number of generators of "/x^ having given degree. 

3. Using LiE, we decompose Sym'"S' ® a''V into irreducible representation 
of Aut. Applying principle of maximal propagation and resolving the 
ambiguities from the information about Poincare series we obtain decom- 
position of cohomology into irreducible representation for fc > 20. 

4. We make a conjecture of the decomposition of ij'^'" into irreducible repre- 
sentation for arbitrary k using the information from the step [3l We prove 
that our conjecture gives the right Poincare series using Weyl dimension 
formula^ 

^"The detailed codes are provided here; |http : //lif shitz . ucdavls ■ edu/- rxu/code/cohom/ 1 

^^The Mathematica code for lOD case is provided here: 

|http : //lif shitz .ucdavis ■ edu/-rxu/code/cohom/dimlOdredux.nb| 
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5. We make a conjecture about cohomology generators using the information 
about their numbers and dimension from Macaulay2 |10j and the infor- 
mation from the steps |3] and 01 We prove that our formulas give cocycles 
using Gamma |17) . 

6. We use the formula Eg. I109l to get the decomposition of generators of free 
resolution into irreducible representation. 
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